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Abstract. In this paper we develope a Modification Theory for holomorphic 
functions defining a singularity of finite codimension with respect to an ideal, 
which recovers most previously known Morsification results for non-isolated 
singularities and generalise them to a much wider context. We also show that 
deforming functions of finite codimension with respect to an ideal within the 
same ideal respects the Milnor fibration. Furthermore we present some appli- 
cations of the theory: we introduce new numerical invariants for non-isolated 
singularities, which explain various aspects of the deformation of functions 
within an ideal; we define generalisations of the bifurcation variety in the ver- 
sal unfolding of isolated singularities; applications of the theory to the topo- 
logical study of the Milnor fibration of non-isolated singularities are presented. 
Using intersection theory in a generalised jet-space we show how to interpret 
the newly defined invariants as certain intersection multiplicities; finally, we 
characterise which invariants can be interpreted as intersection multiplicities 
in the above mentioned generalised jet space. 



0. Introduction 

Let 0c™, O be the ring of germs of holomorphic functions at the origin O of C". 
Two germs / and g are R-equivalent (right-equivalent) if there exists a germ of 
biholomorphism <fi : (C n , O) — + (C n , O) such that fo<f) = g. One of the main aims 
of singularity theory is the classification of germs of holomorphic functions up to 
Requivalence; this includes giving normal forms for each of the equivalence classes 
and invariants to decide whether two functions belong to the same class, but also 
studying the adjacencies (hierarchy) between equivalence classes (a class C is ad- 
jacent to a class C if every function of C can be deformed into a function of C 
by arbitrarily small deformation). When Arnold worked out the beginning of the 
classification of isolated singularities he observed that infinite series of classes of 
singularities occur (like or Dk), it appeared clear that the series where asso- 
ciated with non-isolated singularities, and that the hierarchy of the series reflects 
the hierarchy of non-isolated singularities; therefore the study of classification and 
hierarchy of non-isolated singularities is interesting not just by itself, but also in 
connection with the study of series of isolated singularities. 

Many useful invariants for the classification and adjacency problems stem from 
the study of the Milnor fibration associated to a holomorphic function (vanishing 
(co)-homology, monodromy, intersection form, spectrum, homotopy type of the 
Milnor fibre, etc). This is quite well understood in case that the function has an 
isolated singularity, but when non-isolated singularities are present our knowledge 
is still very limited. See |22| for a recent survey of known results and open questions. 
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A fruitful way of studying isolated singularities is the so called morsification 
method: Denote by B e the closed ball of radius e centered at the origin of C n ; 
denote by the closed disk of radius r\ centered at in C. Given a holomorphic 
germ / (E Oc\o with an isolated singularity, let e, r\ be a pair of radii for which 
the Milnor fibration of / is defined; then, any (small enough) generic perturbation 
g, has, as critical locus inside B e , as many Morse-type singularities as its Milnor 
number; moreover the Milnor fibration of / is preserved by the perturbation in the 
following sense: the restriction 

g : B e ^g- 1 {dD 7] )^dD v 

is C°° -equivalent to the Milnor fibration of /. This gives a powerful method to 
study the Milnor fibration: for example it allows to compute the homotopy type of 
the Milnor fibre, and to relate the monodromy with the intersection form via the 
Picard-Lefschetz theory. 

The goal of this paper is to generalise this method to a wide class of non-isolated 
singularities. However, an arbitrary small perturbation of a function / with non- 
isolated singularities does not preserve the Milnor fibration in the sense explained 
above; therefore we need to restrict the type of deformations that we will allow. 
The main idea is allow only deformations of / within a suitable ideal / of Oo.o 
(which in some cases is the ideal of functions that are singular where / is sin- 
gular, with the same generic transversal type). This point of view has been used 
in CHI, [213, CH|, HEJ, [13, PI, ES], HH|, to prove generalised Morsification Theorems 
and study the Milnor fibration of functions with smooth 1-dimensional critical locus 
and simple transversal type, or with an i.c.i.s. (isolated complete intersection sin- 
gularity) of dimension at most 2 as critical locus and transversal type A\ . Recently 
the Morsification Theorem has been generalised in for critical locus an i.c.i.s. 
of any dimension with transversal type A\. In all these works the Morsification 
Theorem and the preservation of the Milnor fibration are proved exploiting special 
properties of the considered ideal (low dimensionality of its zero set or defining a 
complete intersection), which do not generalise easily In all the cases the functions 
that can be morsified are precisely the functions of finite extended codimension with 
respect to the considered ideal I in the sense of ^B] (see Section a definition). 
Using a new conceptual approach, in this paper we generalise the morsification and 
preservation of Milnor fibration for functions of finite extended codimension with 
respect to an ideal, for any ideal of Oc.o- Moreover we introduce and study new 
numerical invariants for non- isolated singularities. Below we summarise informally 
the main results of the paper. 

In Section [21 we establish the preservation of the Milnor fibration: given any 
ideal I of 0c™ ,0 and a function / of finite extended codimension with respect to 
J, we prove that any small enough perturbation of / within the ideal preserves the 
Milnor fibration (see Theorem 12. 21) . 

The main and most difficult result of this paper is a Relative Morsification The- 
orem (see Theorem 18. 6|l that roughly states the following: given any function / of 
finite extended codimension with respect to an ideal /, a generic small perturbation 
g of / within the ideal only has singularities that are simplest with respect to / 
in a certain natural sense. Moreover, in a small neighbourhood of the origin there 
are finitely many points in which g has positive extended codimension, with the 
property that the germ of g at any of them is unsplittable, in the sense that it can 
not be splitted into several points of positive codimension by further perturbation. 
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Furthermore, the points of positive extended codimcnsion that are outside V(I) are 
always Morse points of g. The proof uses the theory developed in Sections 1 and 
3 — 8. Let us sketch it here. Fix an ideal /. 

Section 1 is preliminary. Some known definitions and results are recalled. Among 
them it is the concept of extended codimension of a function of / with respect to 
/. This is an invariant that generalises the Milnor number to our setting. Indeed, 
the functions of finite extended codimension with respect to / will be the ones that 
can be studied via the Relative Morsification Theorem (as isolated singularities are 
the functions whose properties can be studied via the usual morsification theory). 
In particular, by a theorem of Pellikaan (see Theorem 1 1.12fl . any function of finite 
extended codimension has an unfolding which is versal within /. On the other hand 
the extended codimension does not have all the good properties that the Milnor 
number has. The Milnor number is conservative in the following sense: let / be a 
function with finite Milnor number at O; there is a small neighbourhood U of the 
origin such that, given any deformation / + tg, if t is small enough, the sum of the 
Milnor numbers of / + tg at the points of U equals the Milnor number of / at the 
origin. We show with an example that the extended codimension with respect to 
an ideal is not conservative in general. 

Consider a coherent ideal sheaf I defined in a neighbourhood U of the origin 
such that Io = I, define 

(1) J°°(U,I):=11l x . 

In Section 3 we give a infinite-dimensional analytic structure to J°°(U,I), viewing 
it as a generalised oo-jet space associated to /. For this we view J°°(U, I) as a the 
projective limit of 

J m (U,I) := U/ x /(m m+1 n/ a ), 

xeu 

when m > 0, and give a certain finite-dimensional generalised analytic structure 
to each J m (U,I). In particular we endow J°°(U,I) with a topology and define 
concepts as finite-determined set (the finite determinacy of a set implies that it 
can be understood as a subset of a finite-dimensional analytic space), analytic 
set, irreducibility, smoothness and codimension in J°°(U,I) of a closed analytic 
subset. We prove the existence of decompositions of analytic subsets in irreducible 
components. 

In Section 4 we consider the filtration of J°°(U,I) by sets containing germs of 
ascending extended codimension. We prove that the levels of the filtration are 
finite-determined closed analytic subsets of J°°(U,I). Despite this is more or less 
clear from the intuitive point of view, the proof gets rather technical. We also give 
a lower bound for the codimension in J°°(U, I) of the set of germs of positive and 
finite extended codimension. 

In Section 5 we stratify the space J°°(U,I) in locally closed analytic strata 
containing germs of the same topological type. This is done combining the results 
of 0] with the theory developed in Section 3. 

In Section 6 the concept of Whitney regularity is defined for stratifications of 
J°°(U,I). Given any locally finite partition of J°°(U,I) by locally closed analytic 
subsets, it is proved the existence of a canonical Whitney stratification refining it. 
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In Section 7 we define analytic mappings from an analytic set to J°°(U,I). 
After, the concept of transversality of a mapping to a submanifold of J°°(U,I) 
is introduced. The Parametric Transversality Theorem is extended to our setting. 
It is shown that versality implies transversality in the following sense: let f £ I 
be a function of finite extended codimension and F : (C", O) x (C r , O) — > C be a 
versal unfolding of / within /, then mapping 

p F : (C\0) x (C r ,0) -> J°°{Uj) 

assigning to (x, s) the germ of Fp x { s ) at x is analytic and transversal to any 
submanifold of J°°(U,I) which is invariant by the natural action of holomorphic 
diffeomorphims preserving /. 

Finally, in Section 8 the Relative Morsification Theorem (see Theorem 18.6(1 is 
stated. A certain Whitney stratification of J°°(U,I) (which is built up from the 
filtration by ascending extended codimension and the stratification considered in 
Section 5 using the geometric tools developed in Sections 3 and 6) is needed. The 
proof is a transversality argument using the results developed in Section 7. As a 
by-product of our method we introduce generalizations of the bifurcation variety 
in the base of a versal unfolding. 

The rest of the paper presents applications of our theory and several examples: 

In Section 9 we present two immediate applications of the Morsification Theorem. 
In the first application we define new numerical invariants for functions of finite 
codimension with respect to an ideal, namely the splitting function, the corrected 
extended codimension and the Morse number. All of them arc conservative in the 
sense explained above. The corrected extended codimension is close to the extended 
codimension, and could be thought as a conservative version of it. The splitting 
function is a finer invariant. A consequence of the Relative Morsification Theorem 
is that the only singularities outside V{I) of a generic deformation within / of 
a function of finite extended codimension form a finite set of Morse points; the 
Morse number is the cardinality of this set. The second application, based also on 
the results of Section 2, shows how to study the topology of a function of finite 
extended codimension using a morsification. In particular, homology splitting and 
bouquet decomposition theorems are presented (see Theorem 19. 3J) . 

In Section 10 we study further numerical invariants. Given any / £ I we have a 
jet-extension mapping pf : (C n ,0) — ► J°°(U,I). We develope a bit of intersection 
theory on the generalized jet space J°°(U,I) so that the intersection number at 
the origin of the mapping pj with any n-codimensional subvariety of J°°{U,I) is 
well defined and have some natural properties. This will enable to interpret the 
numerical invariants introduced above as intersection numbers, and give a formula 
of them in terms of dimensions of certain complex vector spaces (this becomes 
more explicit in the case of the Morse number). Using the developed intersection 
theory we are able to prove that any numerical invariant which is conservative and 
satisfies two other natural properties is actually a linear combination of intersection 
multiplicities with n-codimensional subvarieties of J°°(U, I) which are invariant by 
the natural action of holomorphic diffeomorphims preserving / (see Theorem ll(J.12H . 
A classification of such subvarieties yields in many examples on Section 11 an 
expression of any conservative invariant as a linear combination of well known 
invariants (for example in terms of the Morse number and number of -Doo-points in 
the case of isolated-line singularities; see [T??]V 
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In the Section 11 we analize several applications and examples. In particular we 
point out previous morsification theorems that are now consequences of this theory. 
Among them is the Morsification Theorem for singularities whose critical locus is 
an i.c.i.s. and have generic transversal type A\\ we show how to easily extend 
this theorem to the case in which the critical locus is not necessarily a complete 
intersection (see Proposition 1 1 1 . 3(1 . 

1. Functions of finite codimension with respect to an ideal 

Let m be the maximal ideal of 0c\o> let x\, ...,£„ be coordinate functions for 
Cq. The module of germs of vector fields at the origin O of C" will be denoted 
by 0; then m0 are the vector fields vanishing at the origin. Denote by T> the 
group of germs of holomorphic diffcomorphims of C™ fixing the origin, and by T> e 
the set of germs of holomorphic diffeomorphims at the origin that not necessarily 
fix it, (we have no group structure because composition need not be defined). Let 
/ C 0o,o be an ideal; given U, a small enough neighbourhood of the origin, there 
is a coherent sheaf of ideals I whose stalk at O is /. Following JS] we define X>j and 
T>i <e to be respectively subgroup of V and the subset of T> e of elements preserving 
the ideal: 

Definition 1.1. Define T>j e as the set of all <fi G T> e that have a representative 
4> : V — > W, with V and W open subsets in U and O G V , such that 



Define T>i = T>i, e n V. 

Clearly, the action of V on Oc n ,o by composition on the right restricts to an 
action 07 : / x Vj — > /. Given / G / we denote by Orb(/) its orbit by 07. 

Let <fit be a 1-parameter family of holomorphic diffeomorphims of T> e smoothly 
depending on t, such that <fio = Ido; let 4>\,t, ■■■,<fin,t be its components; consider 
/ £ 0o,O- The chain rule gives: 



where X is the holomorphic vector field given by X — J^ILi dtfiij / dt\t=a® / If 
(fit e V for any t then, X G m n 0. If (fit G £>/, e for any t then X(I) C I. Define 
0/, e by the formula 0/, e := {X G : X(I) C /}. If (fit G T>i for any t then 
X G m n 9/ )6 ; define 0/ := m n ®i >e . 

Conversely, integration associates to any X G 0, a 1-parameter flow </> t of 
holomorphic diffeomorphims of T> e , with O — Ido > such that if X G 0/ je then 
0t G I>j,e, and if Jf G 0/ then <fi t eP ; . 

Given a family (fit C I?/ as above, and / G /, we may regard the family of 
functions focfit as a smooth path in Orb(/). This motivates the following: 

Definition 1.2. Consider f £ I, define the tangent space and extended tangent 
space at f to its orbit respectively by 



(fi*(r(w,i))=r(v,i). 



(2) 



dfo<fi t 
dt |t=o 




ri(f) := ©/(/) rj,e := Qj, e (f) 
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Moreover we define the (possibly infinite) 7-codimension and extended J-codimension 
respectively by 

cj(f) := dim c ^ c iAf) '■= dime ■ ^ 



rz(/) tjM) 
Notice that both tj(/) and 17. e (/) are ideals of ©c™.o- It is easy to see (cf. (15) 1 
that the i-codimension is finite if and only if the extended 7-codimension is so. 

Our setting is more general that the one studied by Pellikaan in ^5] , JSj . There 
the ideal I is asked to be the primitive of another ideal I' C 0C",O : consider an 
ideal I' C ©c*,o, we define J I' , the primitive ideal of I', as 



/ /' := {/ G Oc^.o : (/) + Jf C /'}, 



where J/ := {df/dxi, df/dx n } is the Jacobian ideal of /. Heuristically f I' is 
the ideal of functions that vanish and "are singular at" the analytic space defined by 
I'. For many applications it is sufficient to work with the class of primitive ideals: 
for example in the study of non-isolated singularities with generic transversal type 
Ai . However the ideals considered by de Jong in |Hj for the cases of line singularities 
with transversal types A3, £7, and Eq (this last case for ambient space of dimension 
at least 4) are not primitive of any other ideal. 

Observe that when I — J I' two different definitions of (extended) J-codimension 
are possible: we can consider diffcomorphims that preserve I' (as Pellikaan does) 
instead of diffeomorphisms that preserve J I'; hence we use the modules Oj/, e and 
9// instead of ®fi>,e an d ©//'■ It is eas Y to see that ©j' )e C Oj/' je , but the 
equality is not known in general, up to the author's knowledge. This give rise to 
two, a priori, different morsification theories for the ideal J I. The constructions and 
results of this paper are valid for any of them. Anyhow, the equality Qz', e — © J i>. e 
holds when I' is a radical ideal (it is easy to prove that any X £ ©/ i', e mus t be 
tangent to the analytic space V(I') defined by I' at each of its smooth points; this 
implies that X £ 0// )e ), and in all the examples that we have considered. 

Notation 1.3. Let J- be a coherent sheaf on U . Denote by T x its stalk at x; given 
any section <p £ T(J-, U) denote by tp x its germ at x. 

Let © be the free CV-module of vector fields over U, and 8/ e the coherent 
©[/-module of vector fields preserving /. The stalk of Oj e at any x £ U is the 
©[/^-module ©/ e - Therefore, for any / holomorphic in U, we have that Oj e (f) is 
a coherent sheaf of ideals whose stalk at any x £ U is Ti xie (f x ). Define the coherent 
©[/-module 

(3) T : 



©f,e(/) 

Standard properties of coherent sheaves imply that cj >e (/) < 00 if and only if T is 
concentrated at the origin, i.e. J- x — for x ^ O. 

Notation 1.4. Let ir : C™ x C r — > C be the projection to the second factor; take 
any s £ C . If Q is a coherent analytic sheaf on C™ x C r we denote by Q\ s the 
pullback of Q to tt^ 1 (s). 

If F is an analytic function on C" x C wc denote by F\ s the restriction of F to 
7r _1 (s). Therefore Fu x denotes the germ at x of the restriction of F to 7r _1 (s). If 
X is an analytic subset of C™ x C r we denote by X s the fibre of X over s. 
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Definition 1.5. Consider f £ I, a r -parametric /-unfolding of / is an holomorphic 
germ F : (C" x C r , (O, O)) — > C smc/i t/ia£ .Fjo.o = / an d F\s,o belongs to I for any 
s G C r . FFe denote by I(r) the module formed by all the r -parametric I-unfoldings. 
Define ®i, e (r) := Tf*6>i^ = 0c»xc6;, e - 

Lemma 1.6. The following equalities hold: I(r) = ir*I = J0c»xC r ,(O,O)' 

Proof. The only non-trivial statement is that I(r) C ir*I. Consider the coordinates 
Xi,...,x„ for C" and fix coordinates Si,...,s r for C. Let fi, fk be a set of 
generators for /. Take F G I(r); we have to find Gi,...,Gk, convergent power series 
in xi, x r , si, s r , such that 

it 

(4) F = Y,Gifi 

i=l 

By Artin's Aproximation Theorem it is enough to find formal power series Gi 
satisfying the last equation. 



Express each d as Gi = Yl9i x ...,i n xi i— x n an< ^ F as F — Yl^-oi, 



xi 1 ...x 3n 



where each g 1 ^ • and each Aj 1 ^..j n is a power series in s\, Sk\ express each /$ as 

/i = a ji jn 2 -! 1 -^n" where each a 1 ^ j n is a complex number. For any positive 
integer N the truncation of Equality (@J to its iV-jet with respect of xx,...,x n 
may be seen as a linear system whose variables are {<?!... ,, n : ji + ••■ +i« < N}, 
whose coefficients are {a^ j n ■ ji + ■•• +3n < ^} (complex numbers), and whose 
independent terms are {Aj t j n : ji + ... + j n < N} (holomorphic functions in 
si, s r ). The fact that F is a /-unfolding implies that for any value of si, s r 
close enough to the origin the system has a solution; using this and the fact that 
the rank of the fundamental matrix of the system does not depend on si, ...s r (the 
a ji in' s are com pl ex numbers), we deduce that there exist a solution of the system 
depending holomorphically on s\, ...s r in a neighbourhood of the origin of C. This 
provides a solution for the truncation of Equality 0] to its iV-jet. Applying Krull's 
intersection theorem we deduce the existence of formal solutions. □ 

Remark 1.7. In the last lemma we have shown the following statement: consider 
/i,...,/ fc ,F e 0c™xc,(O,O) such that fi, fk are independent on si,...,s r ; if for 
any sGC close enough to the origin F\ 3 G (fi\ s , f k \ s ) then F G (fx, .... f k ). The 
independence of the fa's on sx,...,s r is needed, as the following example shows: 
f(x, s) — xs 2 , F(x, s) — xs. 

Given U and V, neighbourhoods of the origin of C™ and C r respectively, we define 
the coherent CVx y-modules I(r) and 6/ e (r) as I(r) := /Oc"xc an d @j e Oc n xC r - 

Lemma 1.8. Consider a representative F : U x V — > C of a r-parametric I- 
unfolding of a germ f G J I. Define a coherent OuxV -module by the formula 

(5) B - ,{r) 



(e,,«(r))(F) 
Then, 

(1) We have that Q( x ,s) — if and only if cj e {F\ s x ) = 0. 

(2) Ifcj >e {f) = then U and V can be shrinked enough so that cj e {F\ s>x ) 
for any (x, s) £ U X V. 
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(3) Let Z C U x V the support ofQ;letp:U x V — » V be the projection to the 
second factor; define tp := p\z- If ci >e (f) < oo then we can shrink U and V 
so that tp is finite and p^Q is a coherent Oy module. 

Proof. Denote by m s the maximal ideal of Oc,s- A standard commutative algebra 
argument shows 

fQ\ G(x, S ) ^ I X 



Therefore Q{ x ,s) = implies Cf e {F\ sx ) — 0; conversely, if Cf e {F\ s x ) = then 
G(x.s) — m s5(a:,s)j and hence G{ x ,s) — by Nakayama's Lemma. We have shown 
the first assertion 

Suppose that c/ >e (/) = 0; then, as / = F\ Q ,o we have that G(o,0) = 0; as the 
support of a coherent Ot/xv-module is closed, the second assertion follows. 

Suppose c/ >e (/) < oo. Shrinking U we can assume that T is concentrated at the 
origin of C". Therefore, by the previous assertions, we have that G( x ,o) — f° r anv 
x € U \ {O}. By the Projection Lemma of 0, page 62, we can shrink U and V so 
that the third assertion follows. □ 

A corollary of Lemma 1 1.81 is the upper semicontinuity of extended codimension: 

Corollary 1.9. Let f 6 I with c/. e (/) < oo; consider F : U x V — > C a repre- 
sentative of a I-unfolding of f such that the second statement of Lemma M.tA holds. 
Let ip be the mapping introduced in the last lemma. Then for s close enough to the 
origin, 

(7) E C h,ei F s,x) <CjM) 

Proof. After Lemma [1.81 we are reduced to prove that, for s close enough to the 
origin, dimc(<p*5) ® (CV,o/ m o) > dimc(<p*G ® (Oy, s /m s ), which is standard for 
being coherent. □ 

When / = Oc",o then the extended codimension is equal to the Milnor number, 
in this case the inequality becomes an equality. Although this happens in many 
other cases such as isolated line singularities (see ^5] j QZ| ) and most of the examples 
that we have computed, the following example shows that the equality does not hold 
in general. 

Example 1.10. Let I = (x 2 ,y) C 0<c 2 ,O (ideal of curves tangent to the x-axis); 
then Qi te is generated by xd/dx, yd/dx, x 2 d/dy, yd/dy. Consider f(x, y) — y 2 +x 3 - 
then Ti' e (f) = (x 3 ,x 2 y : y 2 ) and c Le {f) = 3 - An y unfolding F : C 2 x C -> C of 
/ such that for any s the curve F\ s — is tangent to the ir-axis at the origin is a 
/-unfolding. Choose an /-unfolding such that Ft s = is smooth at the origin; then 
one checks easily that cj >e (Ft a ) = 0. Therefore the only terms that can contribute 
to the left hand side of the Inequality [7| are the extended codimensions of Fi s at 
points x outside the support of /. As I x — Oc 2 x at these points, the extended 
codimension coincides with the Milnor number. As fi(f) — 2 the Inequality [7] is 
strict in this case. 

Let F G J(r), G 6 I(q) be /-unfoldings of / € /. A morphism ^ : F — > G of 
/-unfoldings is a pair ($, A) consisting of holomorphic germs A : (C, O) —> (C 9 , 0) 
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and $ : (C™ x C r , (O, O)) -> C" with the following properties: $| C "x{ s } G fj,e for 
any s, $|c«x{0} = Idc», and G($(x, s), A(s)) = F. 

Definition 1.11. Lei f € I and F an I -unfolding of it. We say that F is versal 
if for any other I -unfolding G of f there exists a morphism of I -unfoldings from G 
to F. 

The following theorem was proved by Pellikaan in as an application of the 
general results of Damon in [2]; although Pellikaan proves it for primitive ideals, 
his arguments extend without change to our setting. 

Theorem 1.12 (Unfolding Theorem). Let F : C" x C r — > C be an I-unfolding of a 
function f <E /. Let s%, s r be the coordinates of the base space C. The following 
statements are equivalent 

(1) tiM) + C(dF/d Sl ) ls=Q + ... + C(dF/ds r ) ls=0 = L. 

(2) F is a versal I-unfolding of f . 

A corollary of this is that / G 7 has a versal unfolding if and only if cj yS (f) < oo. 
Versality is open in the following sense: 

Proposition 1.13. Let F be a versal I-unfolding of a function f S I; let F : 
U x V — > C be a representative of the germ F. Then U and V can be shrinked 
enough so that F is a versal I x -unfolding of F\ s x for any (a;,s) G U x V. 

Proof. Let T and Q be the sheaves associated to / and F by the formulae © 
and JSJ) respectively. As / has a versal unfolding then ci yC (f) < oo. Hence, by 
the second assertion of Lemma 11.81 we can shrink U and V so that (f is finite and 
p*G = l ~p*Q is a coherent Oy-module. 

Let si,...,s r the coordinates of C r and (s) the ideal generated by them. The 
functions dF/dsi, dF/ds r , defined on the whole U x V, can be seen as sec- 
tions of p*I(r) over V; denote by diF the image of dF/dsi by the natural ho- 
momorphism p*I(r) — > p*Q. Define M C to be the coherent Oy-module 
generated by diF, ...,d r F. We claim that M. = p*Q if we shrink V enough. To 
prove the claim we only need to show that Aio = (jp*Q)o- By Nakayama, this 
reduces to prove the equality p*Go = -Mo + (s)p*Go- As </3 _1 (0) = {(O, O)}, then 
(p*G)o = Q{0,0)\ therefore (p*G)o/{s)(p*G)o is equal to G {o ,o) I {s)G (o ,o) , which, 
by formula is isomorphic to 7/T/. e (/). We have constructed an isomorphism 
^ : (p*G)o I { s )(p*G)o — * I/ T i,e(f)- It is easy to see that the image of diF by tp is 
the class of (dF '/ dsi)\o in 1/tj , e (f). As F is a versal /-unfolding of /, by Thco- 
rem ll,12l we conclude that the restriction of tp to (Aio + ( s )(p*G)o) I ( s )(p*G)o IS 
surjective. This shows the claim. 

Consider (x, s) £ U x V, if G( x , s ) — then, by Lemma f 1.81 we have the equal- 
ity r 7 e (F\s,x) = fx', hence, by Theorem 11.121 F is a versal /^-unfolding of F\ StX . 
Suppose that (x, s) € Supp(C7). Let m s be the maximal ideal of Oc r ,s- By the 
finiteness of tp we have an equality {p*G) s = ® y eip- 1 (s) G{y,s)- Using formula © 
we obtain an isomorphism 

ips ■ (p*G)s/m s {p*G) s = G(y, s )/m s G {y , s) = Iy/rj vte {F\ Siy ). 

Using that M = p*G, noting that the image of diF by ip s has (dF/dxi)\ s y as 
component in I v /tj e (F\ s y ), and taking into account that x G (p^ 1 (s) we obtain 
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that I x = T L e (F s ^) + C(dF/dxi)\ s ^ + ... + C{dF/dx r )\s,x- Then, by Theorem EU 
the mapping F is a versal unfolding of Fi s<x . □ 

2. Topology of unfoldings of functions of finite I-codimension. 

Denote by D rj the punctured disk of radius r\ centered at the origin and by B e , 
B € and S € the open ball, closed ball and sphere of radius e centered at the origin of 
C n ; let / G Oc,o- Le proved in ^] that if e > is small enough and e >> rj > 
then 

(8) fen^D^^nf 1 ^)-!), 

is a locally trivial fibration, and, moreover, if (e',77') is another pair with e' < e 
and such that frg , n f-im a is also a locally trivial fibration, then both fibrations 
are equivalent. Moreover, due to Hironaka §5, if we consider in C the strat- 
ification {C \ {0},{0}}, then there exist an analytic Whitney stratification of a 
neighbourhood U of the origin of C" containing B e such that U fl / _1 (C \ {0}) is 
a stratum, the mapping / : U — » C satisfy the Thorn ^/-condition respect to this 
stratifications and, for each stratum X C U and each point x G X PI S e , we have 
T x X(f\S e . 

Definition 2.1. A pair (e,?y) with all the properties above is called a good system 
of radii for f. 

The fibration 

(9) f\B c nf-HdD v ) ■■ B* n r\dD n ) -+ dD v 

is called the Milnor fibration of /. 

The main result of this section is the preservation of the transversality with the 
Milnor sphere for unfoldings of functions of finite codimension: 

Theorem 2.2. Let f G I such that c/ >e (/) < 00; consider F a 1-parametric I- 
unfolding of f; let (e,rj) be a good system of radii for f. Given a value s of the 
parameter consider the restriction 

(10) F, a : X D ^ S := F^ 1 (D n ) n ~B t -> D v . 

Then S can be chosen small enough so that, given s, s' G D$ 

(1) Ifte D v \ {0} then F^itffaSe. 

(2) The locally trivial fibrations that F\ s and Fi s i induce over dD v are equiva- 
lent. 

(3) Xo n ,s cmd Xd v ,s' (where Xr> n , s '■= Fr (D^) n B e ) are homeomorphic. 

This result is a generalisation of analogous statements in [201, |25j . 

and in those papers the result is proved in the case in which the dimension of 
V(J) is at most 2, and/or I is of a rather particular type, in all the cases the idea 
is to use the special properties of I to control explicitly the geometry of F at S e . 
Next we show how to control the geometry of F in a neighbourhood of S e for any 
/, without making use of any geometric property of /. 

Lemma 2.3. Let F : C" x C — > C be a 1-parametric I-unfolding, consider a smooth 
path 7 : (—v, v) — > C such that 7(0) = 0. There exist a positive number fi < v, a 
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neighbourhood Vq of S e in C n , a neighbourhood W of S e x (— fj,, /x) in C n x (— /x, /x), 
and a C°° -diffeomorphism 

(11) : V x (-/*,**)-> W 

of the form ^ (x , t) — (tpt(x),t) (i.e. a C 00 -family ^ of diffeomorphisms tpt depend- 
ing on t), such that ipo — Idc« and F^^orp t = /|y /or any i £ (— /x, zx). 

Proof. As ci :e (f) < oo, the sheaf J 7 defined in Equation [31 is concentrated at the 
origin of C". This implies that, if e is small enough, for any x £ S e , we have 
JF X = and hence cj e {f x ) — 0. As / a = F|o )X ) we have cj e (-F|o,a;) = 0, which 
by Lemma |l .81 implies Q( x ,o) = for any x £ S e . By coherence, there is an open 
neighbourhood U of S £ x {0} in C n x C such that G\v = 0. 

Let s be a coordinate for the base space of the unfolding F; as the ideal sheaf 
1(1) is closed under differentiation respect to s we have dF/ds £ 1(1). As Quj = Q : 
for any x £ J7 there exists an open neighbourhood J/ 1 of x in [/ and a vector field 
A* £ T(U x ,e }e (l)) such that A^i^) = dF/ds\u*. Choose U l ,...,U k a finite 
collection of the above open subsets such that ujLjC/ 1 D S e x {0}. Let A 1 be the 
vector field associated to U l . Redefine U to be the union of the chosen subsets. 
Consider a C°° partition of unity {p 1 , p k } subordinated to the cover {U 1 , U k } 
and define A := $D i=1 p'A 1 . The vector field A is of the form A = X)™=i a id/dxi 
where a$ are C°° functions over U, and satisfies X(F\u) — 5Z i=1 p*A l (Fi;/i) = 
dF/ds\u. 

Choose < /x < f and a neighbourhood Vo of .Se in C" such that Vq x 7(— /x, /x) is 
contained in [/. Consider a C°° vector field tangent to Vq and smoothly depending 
on t defined by Y(x,t) := —(dri/dt)X(x, r )(f)). Express Y as Y — Y^l=\fi$l® x ii 
then fli(x,t) = —(d , y/dt)ai(x,^f(t)). Integrating Y (and may be shrinking Vq and 
/x) we obtain a C°°-family of diffeomorphisms if) : Vq x (— /x, /x) — > U such that 
7/^o = IdcS define ^>(x,t) := (tp(x,t),t) and W := *(V x (-/x, /-«))■ We need to 
check that F^^o^p t = /iy o for any < £ (— /x, /x). This is obvious for t — 0. Hence if 
G(x,t) :— F(ip(x,t),~f(t)), it suffices to show that dG/dt = 0. By the chain rule, 




□ 

Proof of Proposition 1. The pair (e, rj) is chosen so that Sing(/) (~1 _B e C / _1 (0), 
therefore, 5 can be chosen small enough so that F s has no critical points at F^ 1 (dD v )(~~\ 

B € . Define F : C" x C -> C x C by F(x, s) := (F(x, s), s). The second assertion 
follows from the first applying Ehresmann fibration theorem to F^p-ifg DriXDs y De- 
fine X Drj := F^ 1 (D V x Ds) n (B f x Dg) and consider p : Xp^ — > D^, the restriction 
to Ad tj of the projection to the second factor; then p _1 (s) = In iS for any s £ £><5. 
Using the first assertion, it is easy to show that Xd is a manifold with corners and 
that p is a proper differentiable map, whose restriction to the boundary and corners 
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is submersive; using a version of Ehresmann fibration theorem for manifolds with 
corners the third assertion follows. 

Define Y C S e x D$ to be the set of pairs (x, s) such that Ft s (x) / and either Fi s 
is critical at x or Fr (F\ s (x)) is not transversal to S e at x. Identifying C n x C with 
M. 2n+2 it is easy to see that the closure Y of Y is a real analytic subset. The following 
claim implies the proposition (perhaps shrinking rf): the intersection Y H F _1 (0, 0) 
is empty. Suppose the contrary: let (x,0) E Y (~l F _1 (0, 0); by the Curve Selection 
Lemma (see §3) there is an analytic path a : (— u, !/)->? such that a(— v, v) C 
Y and a(0) = (#, 0). Define 7 : (— z/, z/) — * C to be the second component of the 
composition Foa, and choose [i < v so that the statement of Lemma \'2 . 31 holds : let 
VP be the family of diffeomorphisms predicted by Lemma 12.31 Consider a sequence 
{i n } C (/z, /i) convergent to 0; define ir n to be the first component of a(in) in 
C" xC, by the formula (x n ,j(t n )) = a(t n ), and y n := ip^(x n ). As {x„} and {^t„} 
converge to x and Idp™ respectively, we deduce that {y n } converges to x. If F \^(t n ) is 
singular at x„ then / = i*| 7 (t„)°^t„ is singular at y n ; then /(y n ) = F| 7(t?i )(a;„) = 0, 
which is not true; therefore i*] 7 (t ra ) is not singular at a; n . Then Fr, t ^ (.F| T ( tn ) (a;„)) 
is not transversal to S" e at a;„, which means that T Xn F^ t , (F| 7 ( tn )(a; n )) C T Xn S e ; 
this implies that T Vn f~ 1 (f{y n )) C dtp^ (x n )(T Xn S e ) . Taking a subsequence we can 
assume that the sequence T Vn f~ 1 (f(y n )) converges to a linear subspace T C T x S e . 
On the other hand we have fixed Whitney stratifications of C and of an open 
neighbourhood U of the origin of C™ (containing U \ /~ 1 (0) as an stratum) such 
that / satisfies the Thorn ^/-condition respect to them and that Xt\)S e for any 
stratum X of U. Let X be the stratum containing x, as f(x) = and U \ / _1 (0) 
is an stratum we have that X C / _1 (0); hence kei:(df\x( x )) — T X X. By Thorn Af- 
condition T X X C limT^/ - (f(y n )) = T; as T is included in T x S e , we contradict 
the transversality XftlSe. This proves the claim. □ 

3. Generalized Jet-Spaces 

The Morsification Theorem for isolated singularities can be proved in the follow- 
ing way (which is not the easiest but has the virtue of generalising to our setting): 
the subset Z\ C J 2 (C", C) consisting of singular 2-jets (jets whose linear part van- 
ish) is a closed analytic subset of codimension n; the subset Z2 C Z\ of singular 
2-jets germs with degenerate Hessian is closed analytic of codimension bigger than 
n. On the other hand any germ / S Oc",0 can be approximated by germs g 
such that the 2-jet extension j 2 g : C n — * J 2 (C",C) is transversal to Z\ and Zi 
in a neighbourhood of the origin; therefore the singularities that an approximation 
g can have close to the origin should have non-degenerate Hessian (which means 
being of Morse type). 

Consider an ideal / C Cc",o- When trying to generalise the classical morsifica- 
tion method to functions of finite codimension with respect to I we meet (among 
others) the following new difficulties: consider f £ I such that c/, e (/) = 00; it is 
not clear a priori which singularities may have a generic deformation within the 
ideal. On the other hand, due to the presence of non-isolated singularities, if we 
work with ordinary m-jet spaces the spaces parametrising singularity types (anal- 
ogous to Z\ and Z2) will be of arbitrarily large codimension as m increases, which 
would make the above method collapse. The idea to overcome these problems will 
be to use a presentation of the ideal I by generators and relations to define a sort 
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of generalized m-jet spaces, in which the codimcnsion the varieties parametrising 
the relevant singularity types remain stable as m-increases. 

We need to introduce the concept of co-jet spaces and give it an infinite dimen- 
sional analytic structure. 

Let U € C" be an open subset. For any m < oo the m-th jet-space J m (U,C r ) 
is a vector bundle over U with projection mapping pr m : J m (U,C r ) — > U. There 
is a natural analytic vector bundle epimorphism prf 1 : J m (U,C r ) — ► J l (U,C r ) for 
any m > I. The set J°°(U, C r ) := LL e! y 0\j x is clearly the projective limit of the 
system formed by the J m (U, C r )'s and the 7r™'s. For any m there is a projection 
mapping tt^ : J°°(U, C r ) -> J m (V, C r )- 

Fix a coordinate system {xi, x n } in C"; denote by C{x} the ring of convergent 
power series in {xi, x n }. There is a bijection 

^ : U x C{x} r -» J°°(U,C r ) 

which assigns to (x, (/i, / r )) the unique r-tuple of germs (51, g r ) € x such 
that the Taylor expansion of #j at x is fa. Passing to m-jets this defines analytic 
vector bundle trivialisation 

(12) r m : U x (C{x}/m m+1 ) r -> J m {U,C") 

for any m < 00. 

A subset C C J°°(U,C r ) is said fc-deferrmnedif it satisfies (7r^°)- 1 (7r^ c (C)) = C; 
the subset C is said to be a k- determined closed analytic subset of J°°{U, C r ) if it is 
fc-dctcrmined and 7r£°(F) is a closed analytic subset of J k (U, C). Any fc-determined 
(closed analytic) subset is also m-determined (closed analytic) for any m> k. A fc- 
determined locally closed analytic subset is the difference between two fc-determined 
closed analytic subsets. 

Consider in each J m (U,C r ) the transcendental topology; we endow J°°(U,C r ) 
with the final topology for the family of projections tt^. A family {Cj}j e j of subsets 
of J°°(U, C r ) is locally finite if for any x G J°°(U, C r ) there exists a positive integer 
m and a neighbourhood U of n™(x) in J m (U, C r ) such that (7r^) _1 (?7) only meets 
finitely many Cj's. Therefore if each Cj is finite-determined, choosing m high 
enough, the union Uj^jCj looks locally a m-determined subset. This motivates the 
following definition: a closed analytic subset of J°°(U, C) is any union of a locally 
finite collection of finite-determined closed analytic subsets of A°°; a locally closed 
analytic subset of X°° is the difference between two closed analytic subsets. 

Let I be an ideal sheaf defined on a neighbourhood U of the origin, having / 
as stalk at the origin. The natural candidates to substitute the ordinary jet-spaces 
considered in the isolated-singularity case are the following spaces: define the sets 

J°°(U, I) := I] I x J m (U, J) := ]± I x /m™ +1 n I x 

xeu x£U 

for any positive integer m. For any oo>m>fc>0we consider the projection 
mapping tt™ : J m {U,I) -» J k (U,I). The set of spaces {J m (U, I)} m<00 together 
with the mappings {pr™}fe <m<oc ) forms a projective system of sets whose limit 
is J°°(U,I). There are natural projection mappings 7r^ : J°° ({/,/) — > J m (U,I) 
satisfying 7rf° = 7r ; m o7r^ . The concept of fc-determined subset of J°° ([/, /) is defined 
analogously to the case of systems of analytic varieties. For any m < 00 we consider 
the natural projection pr m : J m (U, I) —* U; its fibre over x € U is the vector space 

t/tnmf 1 .' 
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For any x £ U we define the function \x x : Z>o — > Z by the formula 

(13) fe(m) := dim c (4/4 n m™ +1 ). 

The function \i x is Zarisky-lower semicontinous in W (see 0]). There exists a 
stratification of [/ (which is called the Zarisky- Samuel stratification with respect to 
I) by Zarisky locally closed analytic subsets, which is the minimal partition such 
that fi x = fiy for any x, y in the same stratum. We will refer to the strata as 
the /-strata of U, and we will denote them by So, S s , where E s is the stratum 
containing the origin, the stratum So is the complement of the zero set of / and, if 
E$ C Sj then i > j. 

Notation 3.1. Consider an analytic function / : V — * C, with V an open subset of 
C™. Given any m < oo there is an associated jet extension j m f : J m (V, C) assigning 
to x S V the class of f x in Oc»,i/m™ +1 (we adopt the convention = (0)). 

We define a certain kind of analytic atlas on J m (U, I) in the following way: 
Consider an open subset V of U and a set TL — {hx, h s } C T(U,I) which 
generate I\ v . Define 

(14) cpn ■■ & v -> 0\ V 

by the formula <fn(fi> ■■■■> fs) '■— Si=i fi^i- ^ or an y m — 00 > t & king m-jets we 
obtain a mapping 

(15) j m m :J m (V,C s )^J m (V,C). 

where j m ^(j m /iW, -,j m fs{x)) := T,Uij m {fihi){x) for any (/ x , ..,/ s ) 6 (Oy, x ) s 
and x E V. The mapping j m i/5 has J m (V,I) as image, and it is a homomorphism 
of analytic vector bundles if m < oo. 

Definition 3.2. For any m < oo, a chart of J m (U,I) is a surjective mapping of 
the form 

(16) j m ip H : J m (V,C s )^ J m (VJ). 

for a certain open subset V (which will be called the base subset of the chart) and a 
set Ti. of holomorphic functions on V generating TL of ' I\v ■ The canonical analytic 
atlas of J m ill, I) is the collection of all the charts of J m (U,I). 

Given another open subset V and a set of generators Ti! — {h'±, h' s ,} of I\v', 
there exists an open covering {V/'}; e L of V fl V such that, given any I € L, 
for any i < s' we have analytic functions 9i t i, 6i jS defined on V" such that 
h\ := J2j=i Define the Oy^'-module homomorphism 9 : Oy„ — > O v „ by the 

formula 0(fi, jy) = (fx, f s >)Mg where Mg is the matrix whose (i, j)-entry is 
^i.j. For any m < oo let 

(17) j m 6 : J m {V{',C s ') -> J m (^",C s ) 

be the associated mapping of jet-spaces, which is analytic for m < oo. We have 
clearly the compatibility relation 

(18) j m <p w = j m <PH°3 m 0- 

The mapping <|1 T|> is called a transition function between the charts j m tpn and 
j m <PH'- Notice that unlike in the case of manifolds transition functions between 
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charts are not globally denned in the intersection of the two charts and need not 
be unique. 

As we work locally around the origin of C™ we can take U small enough so that 
there is a set Q = {gi, <?r} of analytic functions defined on U which generate I x 
for any x € U. We will denote the homomorphism <pg simply by 

(19) <p : O r v - Ou, 
and, for any m < oo, the mapping j m fg by 

(20) J m {U,C r ) J ^ J m {U,C)- 

Notation 3.3. Let X C U be any subset. For any m < oo, we will denote by 
J m {X,I) or J m (X, I)\ X the inverse image of X under pr m : J m (U,I) -> U. An 
analogous notation works for the jet space J m (U, C). 

Remark 3.4. For m < oo and any I-stratum, the restriction J m ^ijm(B 4) c r ) * s 
a constant rank homomorphism of trivial analytic vector bundles over Ej, whose 
image is J m (Sj, I). This gives a natural structure of trivial analytic vector bundle 
to J m (Sj, I), for m < oo (see 0] for an application). 

For our purposes it is convenient to consider subsets of J°°{U,I) parametrising 
germs with certain geometric properties, just as the subset Z\ C J 2 (U,C) consid- 
ered at the beginning of the section parametrises Morse singularities. To have a 
geometric understanding of these subsets we will look at their inverse image by the 
charts of the canonical analytic atlas of J m (U,I). 

For any m < oo we give to J m (U, I) the final topology for the set of all charts of 
the canonical analytic atlas. As the transition functions are continuous the topology 
on J m (U, J) is just the final topology for the mapping j m ip : J m (U, C r ) -> J m (U, I). 
For any s we give to J°°(£7, 1) the topology obtained viewing it as projective limits 
of the systems of topological spaces { J m (U, I)} men- It is easy to check that the 
charts for m = oo are continuous. 

Remark 3.5. As i m <£?|,/">(£ jl c r ) is a submersion for anym < oo and any I-stratum, 
the restriction of the topology of J m (U, I) to J m (Y>i,I) coincides with the restriction 
of the topology of J m (Ei,C) to J m (Si, I). Therefore the topology considered in 0] 
for J m (Y>i,I) is the restriction of the topology considered here for J m (U,I). 

Definition 3.6. Consider < k < m < oo. A k-determined subset C C J m (U, I) is 
closed analytic if for any chart (pn with base subset V we have that (j k 'ipn) -1 (tt^' l (C)) 
is m-determined closed analytic in J k (V,C m ). A locally closed k-determined ana- 
lytic subset of J m (U, I) is the difference between two m-determined closed analytic 
subsets. A closed analytic subset of J°°(U,I) is a locally finite union of finite de- 
termined closed analytic subsets of J°°(U,T). A locally closed analytic subset of 
J°°(U,T) is the difference between two closed analytic subsets. 

Consider a ^-determined subset of J m (U, I). Given any k < k' < m it is easy to 
check that it is a fc-determined (locally) closed analytic subset if and only if it is a k'- 
determined (locally) closed analytic subset. Let Z be a closed m-determined subset 
of J m (U,I), and let j m tp n : J m (V,C s ) -> J m {U,I) and j m ip H , : J m (y',C 8 ') -> 
J m (U,I) be two charts. By the compatibility (TSJl, if (j k ip n )- 1 (Z) is a closed 
analytic subset, then {j k ipw)^ 1 {Z\vi') is closed analytic in J m (V^", C s ). Therefore 
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to prove the analyticy of a m-determined subset it is enough to check the condition 
for a set of charts whose base subsets cover U. In particular it is enough to check 
that (j m ip)~ 1 (Z) is analytic. 

Definition 3.7. A subset Y C J m (U,C r ) satisfying {j m ip)~ l (j m <P{ Y )) = Y is 
called j m y>-saturated. 

Closed analytic subsets of J m (U, I) are in a bijective correspondence with j m (p- 
saturated closed analytic subsets of J m (U, C). 

Definition 3.8. A closed analytic subset of J°°(U, I) is irreducible if it cannot be 
expressed as the union of two closed analytic subsets of J°°(U, I) not containing it. 

It follows that any irreducible closed analytic subset is finite-determined. 

We shrink U so that its closure is compact and contained in an open subset 
where I is defined. Then the following uniform Artin-Rees theorem holds (see £Q 
for a proof): there exists A £ Z> such that 

(21) 4 n m™+ A C m™4 

for any iGf/ and any m. The minimal A so that the last inclusion holds is called 
the Uniform Artin-Rees constant. 

Lemma 3.9. Let C C J°°{U,I) be a k-determined closed analytic subset. For any 
irreducible component K of (j k ip)~ 1 (n^ D (C)) we have that (n^ +k )~ 1 (K) is j k+x ip- 
saturated. 

Proof. Set m = k + A and 

A:= {^)-\{j h v)-\Kf{C))). 

Let K' := (tt^ 1 ) -1 (K). Clearly A is closed analytic and K' is one of its irreducible 
components. We have to show that 

(22) K x +kei(j m Vx )cK x 

for any x £ U (where K' x = K' n pr^ n 1 (x), and j m f x is the restriction of j m tp to 
J m {U,C r ) x ). 

An element of kenj m (p x is the class in J m (U,C r ) x of a r-tuple (/i,...,/ r ) £ 
Ojj x such that (p x (fi, fr) belongs to I x n m™ +1 . By Uniform Artin-Rees we 
have that <p x (fi,— ,fr) belongs to m k+1 I x . Therefore there exists (h\,...,h r ) £ 
m k+1 0' Ui; soth&tip x (hi,...,h r ) = <p x (fi, ... , f r ). We deduce that (/i, f r ) belongs 
to m k+1 (D[ Ix + kei(tp x ). Hence 

(23) kerCT^) C m^'O^/mf^^ + <(ker(^ x )). 
As (^ _1 (C) is /c-determined we have 

(24) A x + mW0;, I /< +1 ^ I c A x 

for any x £ U. The set E :— [J ie[ , m' +1 x / m™ +1 OJ} x is a trivial vector sub- 
bundle of J m (U,C r ). Let r\ be the rank of E. Consider an analytic trivialisation 
Ti : G\ x U — > E, where G\ = C 1 . View G\ as an additive analytic group. We 
have an analytic action 

Gi x J m (U,C r ) J m (U,C r ) 
defined by 0-1(5, /) : — T i(5) + /- By tne subset A is left invariant by the action. 
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For being / coherent we can take U small enough so that we have an exact 
sequence as follows 

(25) ^l+O^I-fO. 

Taking m-jets we obtain a homomorphism j m 4> ■ J m (U, C s ) — > J m (U, C r ) of trivial 
analytic vector bundles. The exactness of 1)25(1 implies 

(26) C(ker^) = CW*) = im ^"™^ 

for any x & U. This, together with the j m i^-saturation of A implies 

(27) 4 + im(j m ^)c4. 

Let r2 be the rank of the vector bundle J m (U, C s ). Consider an analytic trivialisa- 
tion 72 : G2 X U — > J m (U,C s ), where Gi = C 2 . View G2 as an additive analytic 
group. We have an analytic action 

G 2 x J m (U,C r ) J m (£/,C r ) 

defined by (72(5, /) := j m ip°T2(g) + f . By 1(27(1 the subset ^4 is left invariant by the 
action. 

Define the additive analytic group G :— G\ © G2 and the action 

(28) a : G x J m (U, C r ) J m (C7, C) 

by cr := (7i © CT2 • The subset A is invariant by the action a. As G is irreducible 
we conclude that each of the irreducible components of A are also invariant by the 
action. This, together with and imply □ 

Proposition 3.10. Let G C J°°(U,I) be a k- determined closed analytic subset. 
The following are equivalent: 

(1) The set C is irreducible. 

(2) The set C is finite determined and (J™^) -1 (''"m (C)) * s irreducible for a 
certain m > k. 

(3) The set C is finite determined and (j m ip)~ 1 (TT^(C)) is irreducible for any 
m > k. 

Moreover, for any closed analytic subset C of J°° (U,I) there exists a unique irre- 
dundant locally finite decomposition of C in irreducible closed analytic subsets. If 
C is k-determined, then each of its irreducible components is k + X- determined. 

Proof. For any m > k the morphism 7r™ : J m (U, C) — » J k (U, C' r ) is a vector bundle 
epimorphism. As GTV) _1 (>C (G)) = (^)- 1 ((j k f)- 1 (^{C))), the irreducibility 
of (j m ( / 3)- 1 (7r^(G)) and (j fe ( y 3)- 1 (7r^ (G)) are equivalent. This shows (2) (3). 

Let us prove (3) (1). Let G satisfying the property (3). Suppose G = C\ UG2, 
where Gi and G2 are closed analytic. Let G be ^-determined. Using the ideas of 
Lemma l3~§l and the fact that C\ and G2 are locally finite-determined closed analytic 
sets, it is easy to show that Gi and G2 are k + A-determined. From here proving 
(1) is straightforward. 

Suppose G is fc-determined. Let {Kj}j e j be the decomposition in irreducible 
components of (j k tp)' 1 (tt^ '(Cj) . For any j G J the set K'j := {'i^ +X )~ 1 {K j ) is a 
irreducible component of (j fe+ 'V)~ 1 (7r^_ A (G)). By Lemma l3~51 the set K'j is j k+x ip- 
saturated. Therefore each Cj := (ir'f^ x )~ 1 j k+x ip(K') is a k + A-determined closed 
subset of J°°(U, I) and Uj^jCj = C. As we have already shown (2) =>■ (1) we 
have that each Cj is irreducible. This shows the existence of a unique irredundant 
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decomposition in irreducible components for finite-determined subsets, and also 
proves (1) (2). 

The existence and unicity of irredundant decompositions in irreducible compo- 
nents for non-necessarily finite-determined closed analytic subsets is easily deduced 
from the same property in the special case of finite-determined subsets. □ 

Let C be a /c-determined closed analytic subset of J°°(U,I). The irreducible 
components of C are not fc-dctcrmined in general. This can be seen already in the 
simplest examples: 

Example 3.11. Consider / C C{z} generated by z 2 . Let ip : 0<c — > Oc be defined 
by </?(/) := z 2 f. The set ]J xeC m x is a 1-determined closed subset of J°°(C, J). It 
has two irreducible components C\ = J(C, J)o and C2 = hIq U LLjo 111 ^- Clearly 
Ci is 2-determined, but not 1-determined. 

Definition 3.12. The codimension codim(C) of a k- determined irreducible locally 
closed subset of J°°{U,I) is the codimension of (j k <p)~ 1 (pr%°(C)) in J k (U,C r ). 

In the situation of the last definition, if m > k, then clearly codim(C) equals 
the codimension of (/"</>) -1 (pr~(C)) in J m (U,C r ). It is also clear that if C C C 
are closed analytic subsets of J°°(U,I), and C is irreducible, then either C = C 
or codim(Ci) > codim(C') for any irreducible component d of C. 

Actually the codimension of C does not depend on the chosen chart: 

Lemma 3.13. Let C be a k-determined irreducible locally closed subset of J°°{U, I). 
Given any open subset V C U and any system of s generators 7i of I\y , the codi- 
mension of (j 'fn)~ l (pr^ '(C)) i n J (V,C r ) equals codim(C). 

Proof. Consider another set of generators H' = {h[,..., h' s ,} of I\y- If H' contains 
H, in order to provide transition functions between the charts associated to H and 
H' , the functions 0ij can be chosen to be Oij = if j 7^ i and dij = 1 for i < s. 
Note that the Oij's arc defined in the whole V PI V (the set where both H and TL' 
are defined). In this case the transition function j k 9 is a submersion for any k < 00. 
Therefore, as (j k Ww)' 1 {nf {C)) = (j k 0)~ l {{j k <p n )- 1 {nf {C))) , the codimension 
of (j fc ^/)- 1 (7r^ c (C)) in J k (V,C s ') equals the codimension of [j k tpn)- 1 {it™ \C)) in 
J k (V,C s ). 

Given any two sets of generators of Ly> their union gives a set of generators 
containing both of them. Therefore the codimension does not depend on the set of 
generators giving rise to the chart. □ 

The following natural fact is easily deduced as a consequence of the existence of 
decomposition in irreducible components: 

Lemma 3.14. The topological closure of a locally closed analytic subset of J°°(U, I) 
is closed analytic. 

Proof. Let C be a locally closed analytic subset of J°°(U, I). We have C = A \ B, 
with A and B closed analytic subsets of J°°(U,I). Let A = \Jj e jAj be a decom- 
position of A in irreducible components. Let J' C J be the subset of consisting 
of the indices j such that Aj is not included in B. By the locally finiteness of 
the decomposition in irreducible components we have C = Uj e j>Aj \ B. Therefore 
we are reduced to the case in which A is irreducible. We can cover J°°{U,I) by 
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open subsets {Ui}i^l such that A, Ui and B (1 XJ\ are mi -determined for a certain 
integer to;. This means that for any I 6 L there exists an open subset Vi C U, a 
j mi (y9-saturated open subset Wi C J m ' (Vi,C r ) and j mi <y9-saturated closed analytic 
subsets Ai and B x of J rn ' (Vi,C r ) such that 

(o -1 a"Mwi)) = tfj, 

(C 1 )" 1 (r^))=^n(/ i , 
«)- 1 (7 m V(fli)) = -BnUi. 

As A is irreducible any irreducible, component of BC\A has strictly bigger codimen- 
sion. Therefore Ai \ Bi — Ai, and consequently (by the definition of the topology 
in J°°(f7, J)) the set AnUi equals C Ui . It follows that A = C. □ 

After this lemma it makes sense to define: 

Definition 3.15. A locally closed analytic subset is irreducible if its closure is 
irreducible. 

Lemma 3.16. Let C be a k-determined irreducible locally closed analytic subset of 
J°°(U,I). Given any open subset V <ZU and any system of generators TL of I\y we 
consider A := (j k+x tpn)~ X (^k+xi^)) ■ Then the set Sing(A) is j k+X (p n - saturated. 

Proof. In the proof of Lemma 13.91 we have shown that A is invariant by the group 
action a : G x J k+x (V,C s ) — > J k+x (V,C s ) (where s is the number of generators 
of H). Therefore for any g £ G we have a(g, Sing(A)) = Sing(A). This, together 
with and J2HJ) implies 

(29) Sing(A) + ker(j k+x <p n , x ) C Sing(A) 

for any x G V. □ 

Definition 3.17. Let C be a locally closed analytic in J°°(U,L) and f £ C. We 
say that C irreducible at / there is only one irreducible component of C containing 
f. We say that C is smooth at f if 

(1) It is irreducible at f . 

(2) Let C' be the unique irreducible component of C containing f ; let C' be 
k-determined. For any open subset V C U containing pr 00 (/) 7 any sys- 
tem of generators Ti. of Ly and any m > k + A the locally closed analytic 
(j m ¥'H)" 1 (7r™(C")) is smooth at any h such that j m (h) = 7T~(/). 

Using an argument similar to the proof of Lemma 13.131 it is easy to check that 
it is enough to check smoothness at a single chart. 

Remark 3.18. Taking into account Lemma 13.161 it is easy to check that it is 
enough to check the second condition for smoothness for a particular m > k + A 
and a particular h such that j m (h) = 7T^(/). Moreover, for any locally closed 
analytic subset C the set Sing(C) of singular points is closed analytic in C, and it 
is k + A-determined if C is fc-determined. 
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4. The filtration by extended codimension 

The natural generalisation of the subvariety of Z\ C J 2 (U,C) parametrising 
Morse singularities is the set of germs in J m (U,I) parametrising sigularities of 
extended codimension equal to 1, this motivates the following: 

Definition 4.1. Suppose that m is either a non-negative integer or oo; define 

C m := {/ £ J°°(U,I) : c W)!e (/) > m} 

Cm := {/ £ J°°(Uj) : c 4oo(/)>e (/) = m} 

K m := (rip)' 1 (C m ) K m := (r^-^Cm) 

Clearly = C^ = C\ me nC m and = K x = r\ m ^K m . 
Lemma 4.2. For any x 6 U and any f 6 I x such that Cj (/) — m we have 

<Ue f(ie (/). 

Proof. The i-th graded piece of I x /Qj e (f) by the m^-adic filtration is the module 

m^ + 9 /x . e (/) 

Mj := — -rn= - ■ 

ml +1 I x + Q Ix Jf) 

As m = c^ e (/) = dim c (/ ;E /ej xie (/)) = 2™ dim c (Mj) we deduce that there 
exists Z < m such that M; — 0, which is the same that mf x I x C 6j e (f) + m l x +1 I x . 
Applying Nakayama's Lemma to the module m l x I x + 0/ e (/)/©/ e (/) we conclude 

c e 4ie (/). □ 

Lemma 4.3. for any x £ U the subset 

A m := {/ G J x : m™f C ©f^Cf)} 
satisfies A m + m 7 x +2 I x = A m . 
Proof. Consider / £ A m and 5 £ m x n+2 I x . Clearly 

Then, as m™4 C 0^ e (/), we have that m™I x C 0/ x . e (/ + .0) + m™ +1 4; by 
Nakayama's Lemma we have m™4 C 0/ (/ + <?), and hence / + <? £ A m . □ 

Lemma 4.4. TTie subsets C m and K m are A + m- determined; the subsets C m and 
K m are A + m + 1- determined, where A is f/ie Uniform Artin-Rees constant. 

Proof. Obviously it is enough to prove the lemma for C m and C m . To prove that 
C m is A + to+ 1-determined we have to check the following claim: consider / £ C m , 
let pr ^(f) = x, consider g 6 m^ +m+2 n 4, then / + g 6 C m . By the Uniform 
Artin-Rees theorem g € m" l+2 4; Lemma [4.21 implies Oj e (f) D ra™I x ; then, by 
Lemma IOI we have 0j e (/ + g) D m™I x , and hence 

4 = 4/mg4 
9/.,e(/ + s) ©j A/' • <?) ".</'/,' 

On the other hand, as g £ m" l+2 4 we have X(<?) £ m™ +1 4 for any A £ 0/ e . 
Therefore e^ e (/+ 3 )/m™4 = Q Le (f)/m™I X7 and hence c^ e (/+ 5 ) = cj^Cf) = 
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to; this shows the claim. As C m = I \ Ui< m Ci, and each C% is A + i + 1-determined, 
we conclude that C m is A + m-determined. □ 

Proposition 4.5. 

(1) The subsets C' m and K m are A + m-determined closed analytic subsets of 
J°°(U,I) andJ°°(U,C r ) respectively. 

(2) The subset C m and K m are A+m+1- determined open subsets in the analytic 
Zariski topology of C rn and K m respectively. 

Proof. It is enough to prove the statements for K m and K m . The determinacy 
statements are proved in Lemma 14.41 for the rest we work by induction on m. We 
take as initial step to = — 1, in this case everything is trivial. Assume that the 
proposition is true for any k < m. Then K m -i is closed analytic in J°°(U, C r ) 
and K m —\ C K m —\ is an open inclusion in the analytic Zariski topology of K m —i; 
as K m := K m -i \ K m —\ the subset K m is closed analytic in K m —i, and hence in 
J°°(U, C r ). This shows the first assertion. 

Let {£i, ■■■,£&} be a system of generators of Oj jE as a Oc,0" m °dule; we can 
assume (perhaps shrinking U) that each fj is defined on U and that the germs 
{^i, x , — ,£k,x} generate 0j e for any x e U. Let h 1: ...,hi £ 0c«,o be the set of 
monomials in x\, x n of degree lower or equal than A + m+2; then j x + m + 1 (JJ^ C) x 
is generated by {j x+m+1 hi(x), ...,j x+m+1 h s (x)} for any x S U. Therefore, defining 
{6i,...,6d} := {hi£j : 1 < i < I, 1 < j < k}, the set {6i >x , ... , 6 SjX } generates 
<d j j /m£ +m+2 Oj as a complex vector space for any x € U; hence it also generates 

e£[/m£+™+ 2 ne^ e . 

Recall that we have fixed a set of functions g±, g r generating / in U. For any 
k < d define an analytic vector bundle homomorphism 

a k : J x+m+2 (U,C r ) -> J x+m+1 (U,C) 

by the formula 

a k U X+m+2 fi(x),...,j x+m+2 f r (x)) := 

r 

E/ +m+1 /,(^)j A+m+1 ^(5,)W+J A+m+1 ^(/0(^)j A+m+1 ^(^), 
»=i 

where x € U, /i, f r € Oc n .x- The mapping a k is defined so that 

(30) j X+m+1 6 k (ip(f 1 ,...,f r ))(x) = a k (j x+m+2 f 1 (x).,...,J X+m+2 f r (x)). 

Given any / £ J x+m+2 {U,C r ) such that pr x+m+2 (f) = x, denote by S(f) 
the subspace of J x+m+1 (U, C) x spanned by {a k (f) : 1 < k < d}. For any 
/ S J x+m+2 (U,C r ) define rk(/) := dim c (S'(/)). We can consider J x+m+1 (U, I) x 
as a subspace of J x+m+1 (U, C) x via the canonical isomorphism I x /m x+m+2 p\I x = 
I x + m^+ m+2 /m£+ m + 2 . Then clearly S(f) C J x+m+1 (U, I) x . Taking into ac- 
count (|3Uf) we deduce easily 

(31) J x+m+1 (U,I) x /S(f) = I x /(Q L J Vx (h)) + m x + m+2 nl x ) 
for any h € Oq„ x such that 7r^_ m+2 (/i) = /. 

Let Si be an /-stratum; consider the positive integer := fi x (X + m + l), where 
x is any point in £j and [i x is the function defined in Formula 1 131 Define the closed 
analytic subset % C J x+m+2 (U, C) as follows: 

Ti := {/ G J X+m+2 (% 1 C) : rk(/) < N t - to.} 
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Suppose that h G K m , consider the /-stratum £j such that x :— pr 00(h) G 
Lemma 14.21 implies that 0/ e ((p(h) x ) contains m™/ K , which, by Uniform Artin- 
Rees, contains m x +m+2 n I x . This, together with equality 131(1 . implies that 

(32) Ni - Tk(j x+m+2 h(x)) = c L e (v(h) x ) = m. 
Therefore 

(33) K m] ^ C K m \ (7rr +m+2 )- 1 m). 



The 



union 



M:= ]J(nC/m*+" l + 2 )'- 

x£U 

is clearly an analytic sub-bundle of J x+m+1 (U, C r ). Consider the vector bun- 
dle homomorphism j x + m + 1 l p : J A + m + 1 ([/, C r ) -> J A+m+1 ([/, C). The image of 
j 171 <p\M is the union 

L := [J L*, 

where := + m A+m+2 /m A+m+2 . We consider the stratification of £/ in 

locally closed analytic subsets S^.j defined to be the minimal common refinement 
of the Hilbert-Samuel stratification with respect to /, and the minimal stratification 
such that the rank of j x+m+1 f\M restricted to each stratum is constant. Given any 
Ejj, the restriction L| S . is an analytic vector bundle over it. 

Consider any stratum S^.j. Let Y be an irreducible component of the locally 
closed A + m + 2-dctcrmined subset K m ^. \ {Tr\ 3 +m+2 )~ 1 {Ti)- 

Claim 1: ifY and K m have non-empty intersection then Y C K m . 

Let us prove the claim: as rk(/) > Ni - m for any / £ J A+m+2 (E i , C r ) \ T i} the 
A + m + 2 determined set 

Y':={feY: rk(^ +m+2 (/)) = ^ - m} 

is closed analytic in Y (for being the locus where rk(pr^_ m , 2 (/)) is minimal in Y). 
By O we have K m n Y~ C F'. 

By Lemma l4~2l if / G X m and x = pr\+ m +2{f) then S'(7r^ hm+2 (/)) contains the 
linear subspace L x . Conversely, suppose that f EY' satisfies 

S(7rr +ro+2 (/)) => L x . 

Using equality l(ST)l. we deduce 

By Uniform Artin-Rees m x +m+2 C\I X C m r x +2 I x , and therefore 

<Uei>(/) t )+mfi, 

Using Nakayama's Lemma we conclude that Oj e (<p(f)x) contains m™I x , which in 
turn contains m x +m+2 n I x . Therefore 

c lxM f) x ) = ^( W)i) ^ +m+2n| j, 
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which, by the equality (fTTTf) is equal to N{— rk(/) = iVj— (Ni—m) = m; consequently 
/ G -fiT m . We have shown 

K m n y = {/ g y' : 5(^r +m+2 (/)) ^ ^. 

We consider the restriction pr\ +m+2 : 7r A+ m+ 2(^s i ) — * , the pullback vector 
bundle pr* x+m+2 {J x+m+1 (U,C)^ J, and the sub-bundle pr* +m + 2 (L| Si j ). Taking 
into account that S(f) has constant dimension when / ranges in Y' it is easy to 
check that the union 

S := ]J 

/eT? +m+2 (il' Si)3 -) 

is an analytic vector sub-bundle of pr* x+m+2 (J x+m+1 (U .C)^ } ). Let Y" be the 
closed analytic subset of Y' formed by points / such that the fibre S^oc +2 (/) 

contains the fibre (j" , A+r?x+2^|s i jOwJ 2 (/)- As HY is the subset of Y' formed 
by germs such that S(ir^ +m+2 (f)) contains L x , we obtain that K m ^. . — Y". We 
have shown that K m PI Y is a closed analytic subset of Y', and hence of Y. 

For being Y included in K m , if we have / G Y \ if TO and x := pr 00 (f) then 
c / x e (<p(f)x) > m - If Y ^ .ftf m then if m nY is a A+m+2-determined proper analytic 
subset of the irreducible analytic subset Y. Then it is possible to find an analytic 
path 7 : D — > 7Tj^_ m+2 (Y), from a small disk Z? to Y such that 7~ 1 (7r^ hm+2 (ii m )) = 
{0}. 

Consider the analytic trivialisation 

rx+m+2 : U x (C{x}/m x+m+3 ) r - J A +™+ 2 (£/,C") 

defined in 112|) . There is an analytic path £ : Z? — > {/ and polynomials /ii,t, /i r ,t 
of degree A + m + 2 in a?i, x n , with coefficients depending analytically on t such 
that 7(t) = T\ +m+ 2{£,{t) , (^i,t, ...,/i r ,t)) for any t £ D. For any t,i let /ii ir be the 
unique function in C>o,o whose Taylor expansion at equals to /i^t; clearly if^t 
is a polynomial whose the coefficients depend analytically on t. The /-unfolding 

F :C n x D 

defined by F(x,t) := ip(hi.t, h r ^){x) satisfies 

c io,e( F \o,o) = n and cj <(t)ie (f] tl c(t)) > n, 

which contradicts the upper-semicontinuity of the extended codimension (Corol- 
lary This shows Claim 1. 

Decompose each lfmn(7r^i TO , 2 ) _1 (Tj) (for 1 < i < s) in irreducible components; 
we say that an irreducible component Z is relevant if pr\j rm +2{Z) PI Sj 7^ 0. Con- 
sider any stratum Ejj, decompose K m ^ . in irreducible components; we say that 
an irreducible component is excessive if it is contained in K m+ i. Define the closed 
analytic subset of T C K m to be the union of all the excessive components of each of 
the K,^ j's and all the relevant components of each of the i^ m n(7r^ TO+2 ) _1 (Tj)'s. 

Claim 2: T = K m+1 . 

If the claim is true the induction step is complete, and hence the proposition is 
proved. 

Let us prove the claim: consider / G K rn \ T, let Sj j be the stratum such that 
x = pr 00 (f) G Sjj. As / does not belong to T, it cannot be in {'x' X j rrn+2 )~ 1 (Tj). 
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Let Y be the irreducible component of K m ^, . to which / belongs. As / g' T, 

the component Y cannot be excessive, and therefore Y (~l K m is non empty. If 
Yjs i . n K m / then, by Claim 1 we have Y\%. . C i^ m ; therefore / G if m . If 
Yi-£ n A" m = then Yi s . C K m+ i. Hence Y PI if m is included in the proper 
analytic subset Y\ dl: . ., where dEjj is the difference Ejj \ E^-. As Yfj^ . C -ftT TO +i 
is Zarisky open in the finite-determined irreducible closed analytic subset Y, it is 
possible to find an analytic path 7 : D — > 7rS_ TO , 2 (V) , from a disk to Y such that 
7 _1 (if m ) = {0}. As we have seen previously this leads to a contradiction; we 
conclude Yjs 4 . (~l iT m ^ 0, and, hence / £ K m . This shows K m+ \ C T. 

Suppose f £ T. If / is in a excessive component of K m f^ i ^s for certain i,j 
then / S A'm+i- Otherwise 7r^°_ m+2 (/) is in a relevant component Y of if m n 
W^) -1 ^) for a certain i. By we have K m n (n^^y 1 {T^J C tf m+ i; 
therefore Fn-fiT m is contained in the proper analytic subset . As Y is irreducible 
we conclude like previously that Y C K m+ i. This completes the proof of the 
claim. □ 

The next proposition gives a codimension bound for the irreducible components 
of K\ or C\ that will be interesting for us (those corresponding to functions of finite 
extended codimension). 

Proposition 4.6. If Y is an irreducible component of K\ (resp. C±) of codimension 
strictly smaller than n, then Y is included in (resp. Coo). 

Proof. It is enough to work with components of K\. Let Y C K\ be such a 
component. Suppose that Y <f_ K^; then there is h G Y such that cj e (j°°< / 9(/i)(x)) 
is finite, where x = pr 00(h). The element h is the germ at x of an analytic function 
from a neighbourhood W of x to C r , with components hi,...,h r ; the function 
g := <p(h) is a section of / over W, whose germ g x at x equals j°°ip(h). Consider the 
analytic mapping j°°h : W — * J°°(W, C r ); the locus (j°°h)~ 1 (Y) consists of points 
in which g has positive extended codimension. As cj e {gx) is finite, the associated 
sheaf T, defined in formula 0, is skyscraper at x, and hence dim :c ((j 00 /i)~ 1 (F)) = 
0. On the other hand, the following easy statement implies that the last dimension 
is positive, giving a contradiction. 

(f) Let p : (X, x) — * (Z, z) be an analytic morphism of germs of complex spaces, with 
(Z, z) smooth. Consider (Y, z) an analytic subgerm of (Z, z) such that codim z (Y, Z) < 
dim x (X), then dim x (p^ 1 (V)) > 0. 

If dim x (p~ 1 (z)) > we are done. Assume dim x (p~ 1 (z)) = 0; by the Propo- 
sition of page 63 of UJ, shrinking X and Z we can assume that p is finite, and 
therefore (p(X),z) is a closed analytic subspace of dimension equal to dim^A"). 
As (Z,z) is smooth, dim z (Y n p{X)) > dim 2 (p(A)) - codim z (F, Z) > 0. Then 
dim x (p- 1 {Y))>0. □ 

5. The topological partition 

Functions of the same extended codimension do not need to have the same 
topological type, even if they lie in a family. For example, when / defines a smooth 
subvariety of dimension d, all the singularity types D(d, k) defined in ^1 have 
zero extended codimension and pairwise different topological types. We need to 
subdivide the subvarieties K m so that the functions on the (relevant) resulting 
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pieces have constant topological type. As we will show there is a canonical way to 
do it. 

Any representative (f> : V — > U of a germ <f> G Vj induces by push-forward a 
bijection 

(34) r<t>* ■■ J°°(V,I)^ J°°(<f>(V)J), 

defined by j°°4>*(f y ) ■= (fy ^ 1 )^) for any y & V and f y G I y . As the m y -adic 
filtration is transformed by push-forward into the m0( y )-adic filtration, for any 
to < oo, the mapping descends to a bijection 

(35) j m 4>* ■ J m (v,i) — > j m (<j)(y),i). 

The functions gio^" 1 , g r o0 -1 are sections of / defined over <fi(V) (where 
gi,...,g r , the fixed set of generators for I at U) . As I is generated over U by 
gi,...,g r , if we shrink V enough we can assume that for any i < r we have an 
expression of the form 

r 

g l ocj)- 1 = ^2hi,jgj, 

where each hij is an analytic function defined on <fi(V). Consequently, if / G r(V, I) 
is of the form / = £)I=i fcgi, then 

r r r 

(36) fo^ = ^(/.of^s.of 1 = fi°<t>~ lh i,i)9i- 

i=l i=l j=l 

For any m < oo the mapping 

(37) j m ^:J k (Vj)^J m (^V)J), 
defined by the formula 

r 

rkij m h{x),...,rsr{x)) ■.= (...., fE/jofywi)),...) 

i=i 

defines a mapping which is analytic for m < oo, and such that, by Equation (|36|l . 
satisfies j m >p°j m (j>* = j m ^>*j m <p- Therefore we say that j m <j>* is an analytic local 
lifting of j m </>*. 

Definition 5.1. Let T C J°°(U,I) be a (locally) closed analytic subset. We say 
that T is Vj -invariant if for any analytic diffeomorphism <fi : V —> U preserving I 
and any x G V, we have that 4*t*{Tx) is equal to T^m. 

Clearly the set C m is T>j e -invariant for any m < oo. 
Now we recall them briefly the results of 0]: 

Definition 5.2. Two germs f : (C n ,x) — » C and g : (C n ,y) — > C are called 
topologically equivalent if i/iere exits germs of homeomorphisms <j> : (C n ,x) — » 
(C™, y) and a : (C, /(x)) — > (C, <?(&)) smc/i i/iat aof = go<f>. 

A closed subset A c J°°(U,I) is called residual if for any positive integer c 
there is a closed analytic subset T" containing A, and such that all its irreducible 
components are of codimension at least c. 

Let T be an irreducible locally closed subset of J°°(U, I), due to Proposition 10 
of 0], there exists a unique closed subset fcT with the following properties: 
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(i) We have a decomposition T = UT^ where F( a ) is a closed analytic subset 
of T, and r( r ) is a residual closed subset. 

(ii) Any /, g £ T in the same path-connected component of T \ T are topologically 
equivalent. 

(hi) The subset T is minimal among the subsets of T satisfying Properties (i) and (ii). 

The subset T is called the topological discriminant of T. The decomposition 
Y = r( a ) U r( r ' is unique provided that r^ r ' is chosen minimal; we say that T( q ) 
and r( r ) are respectively the analytic and residual parts of T. 

In 0] it was proved that if V is an open subset of U then T\y is the topological 
discriminant of Tj y ■ 

Lemma 5.3. If T is T>j e -invariant then T is also T>j - invariant. 

Proof. Let <j) : V — > <f>(V) be an analytic diffeomorphism preserving /. It is enough 
to show 

(38) <t>*p\v) 3 T WV) 

(for the opposite inclusion we consider the analogous statement for cj)^ 1 and apply 
0*). The set V := ^(Tiy) nTujy) is a closed subset which is union of the analytic 

subset rj^yj R (j)*(T\y) and the residual subset 

If any two germs that can be connected by a continuous path in T\^ty\ \ Y have 
the same topological type then V must contain the topological discriminant r^y) 
of T\$(y), and therefore inclusion holds. 

Let 7 : [0, 1] — » TL/y) \ V be a continuous path. The interval [0, 1] is the union 
of the open subsets 7 _1 (T|0(y) \ T\<f,(v)) and 7~ 1 (T|0(y) \ ^(Fiy). As over each of 
these subsets the topological type clearly remains constant, then it also does along 
7. □ 

Shrink U so that its closure is contained in an open subset where 0/ e is generated 
by global sections, then the Main Theorem of 4 , applied to T — J°°(U,I), gives: 

Theorem 5.4. There exist a unique filtration (which we call the filtration by suc- 
cessive discriminants ) 

J°°(Uj) = A, D A x D ... DAiD ... 

by closed analytic subsets, and a residual subset T^ r ' (called the cumulative residual 
topological discriminant of J°°(U,I)), with the following properties: 

(1) We have H^oA C r«. 

(2) For any i > the set A i+ i U (r^ R Ai) is the topological discriminant of 
A l . 

(3) Any irreducible component of Ai has codimension at least i. 

(4) If T is T>j e -invariant then Ai is T>j ^-invariant for any i > 0. The set 

is contained in a residual subset which is an intersection of T)j ^-invariant 
closed analytic subsets of C . 

We need to make a remark concerning the level of generality of this paper in 
comparison to @|. Instead of working with analytic subsets of J°°(U,I), in 0] 
our attention was restricted to closed analytic subsets of J°° (S^ , /) , where £j is a 
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certain /-stratum of U. Once that the existence of decompositions in irreducible 
components has been proved in our setting, all the arguments of 0] can be translated 
with minimal changes to prove the statements given here. Another difference is in 
Property 4: here we state the T>j e -invariance of certain subsets, and in we state 
flow-invariance, which is a weaker property. The stronger property holds because 
here we work over C, and in 0] we considered also the real case; actually Lemma l5.3l 
provides the needed additional arguments to those given in gj. 

Because of the fourth assertion of Theorem l5.4l there exists a T>j e -invariant closed 

analytic subset Ai containing r^ r ', which has all of its irreducible components of 
codimension at least n + 1. We can suppose r( r ' = HfegNrfc, being each Tk closed 
analytic with the properties Ai D and D Tk+i- For any i < n let {Aij}j e j i 
be the set of irreducible components of Ai \ Aj+i of codimension smaller or equal 
than n. The subset Aij \ is path-connected for any as it is the union 
Liken Aij \ Tfe, forming the Aij \ IVs an increasing sequence of irreducible (and 
hence connected) locally closed subsets. Wc conclude that all the germs in Ai j \r( r ) 
have the same topological type. 

We say that two components Aij and Aiji are equivalent if their respective 
generic germs have the same topological type. Non-equivalent Aij and Aij' are 
disjoint. If this were not the case let Y be an irreducible component of their 
intersection. As is contained in closed subsets of arbitrarily large codimension 
we deduce that Y is not contained in T^ r \ Therefore the topological type of a 
generic germ in Y coincides with the generic topological type in Aij and A.- l ji . This 
contradicts the non-equivalence of Aij and Aij> . Let Li be the set of equivalence 
classes and for any I € Li define E>n as the union of all the subsets of the class I. 
Consider the decomposition 

U A ^ = II 

jeJi leL, 

Clearly the sets B^i are closed analytic in Ai \ A; + i and the elements of \ 
and Bij \ Ai are germs which have pairwise the same topological type. 

Define IS.2.i to be the union of all the irreducible components of Ai of codimension 
at least n + 1. Define A2 := Uj<=nA2j- As A2 contains A n+ \ the union is easily 
seen to be locally finite, and hence A2 is an analytic closed subset. 

We have a locally finite partition 

(39) J°°(U,i):=[ [] Bu\(r (r) UA 2 )]J|(rMuA 2 ) 

i<n,l£Li 

in disjoint subsets such that for any i < n and I € Li the set Bi^ is a T>j e -invariant 
locally closed analytic subset in J°°(U, I) such that any two germs in Bi i have 
the same topological type. All the subsets of the partition are canonically defined. 

Definition 5.5. The partition introduced above is called the Topological Partition 
of J°°(U,I) up to codimension n, and is canonically defined. 

6. Whitney stratifications in J°°(U, I) 

Let C be a locally closed analytic subset of J°°(U,I). An stratification of C is 
a partition of C in a locally finite family {Xj}j^j of disjoint smooth irreducible 
locally closed analytic subsets of J°°(U,I). Given two smooth irreducible locally 
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closed analytic subsets X and Y of J°°(U, I), we say that X is Whitney-regular over 

Y if for any k such that both X and Y arc fc-clctcrmincd, and for any open subset 

Y C U and any system of generators H of I\y, the subset (j k (pn)~ 1 (X) is Whitney- 
regular over {j k ipu)^ 1 {Y) (this makes sense as (j k (pu)~ 1 (X) and (j k Vw) -1 (Y) are 
submanifolds of J k ( [7, C r ) ) . 

It is easy to show that given two smooth locally closed analytic subsets X,Y C 
J k (U,C r ), a positive integer m> k, and a point y G (n]^)^ 1 (Y) then (7r^) _1 (X) is 
Whitney-regular over (tt™) -1 (Y) at a point y if and only if X is Whitney-regular 
over Y at 7r™ (y) . Therefore it is enough to check the Whitney regularity condition 
for a particular k. An argument similar to the proof of Lemma 13.131 shows that 
to prove Whitney regularity at a point it is enough to check it at a single chart 
containing the point. 

A Whitney stratification of a locally closed analytic subset of J°°(U,I) is an 
stratification of it such that any stratum is Whitney regular over any other stratum. 

We will make use of the following fact (see |22|): let X and Y be two irreducible 
locally closed analytic subsets of a complex manifold, such that dim(X) > dim(Y). 
Denote by X sm and Y sm the set of smooth points of X and Y. There exists a 
unique minimal proper closed analytic subset W(X,Y) of Y containing Sing(Y) 
such that X sm is Whitney regular over Y sm \ W(X, Y). Moreover the set of points 
y G Y sm such that X is not Whitney regular over Y at y is dense in W(X, Y) f)Y sm . 

Lemma 6.1. Let X and Y be two k-determined irreducible locally closed analytic 
subsets of J°°(U,I) such that codim(X, J°° (U,I)) < codim(Y, J°° (U,I)). There 
exists a unique minimal k + X-determined proper closed analytic subset W(X, Y) of 

Y such that X sm is Whitney regular over Y sm \W(X, Y). Moreover the set of points 
y G Y sm such that X is not Whitney regular over Y at y is dense in W(X, Y)DY sm . 
In addition, if X and Y are both of them T>j - invariant, then W(X,Y), Sing(A) 
and Sing (Y) are T>j ^-invariant. 

Proof. Let k be such that both X and Y are fc-detcrmincd. The sets X 1 := 
(i*V)~ 1 ( 7r fc°(^0) an d := (j fe ¥>)~ 1 (7'fc O 00) are locally closed analytic subsets 
of J k (U, C r ) such that dim(X') > dim(Y'); consider the set W(X', Y'). If we prove 
that for a certain m> k the set W :— (tt'^)^ 1 (W(X i , Y')) is j m ^-saturated, then 
the set W(X, Y) := (tt!^)^ 1 (j m ip(W)) clearly satisfies all the desired properties, 
with the exception of the one concerning T>j e -invariantness, which will be proved 
later. 

Let us prove the j m </?-saturation for m = fc+A, where A is the uniform Artin-Rees 
constant. We have to check 

(40) W x + ker(j"V x ) C W x 

for any x G U. Because of inclusion (|23() it is enough to show that W is invariant by 
the group action (23- The subset W is clearly equal to ^((tt^)- 1 ^'), (tt^)" 1 (Y')); 
therefore, the subset Z of (tt™) _1 (Y') formed by the points where (ttJ^)~ 1 (Y / ) is sin- 
gular and the points at which (tt™)~ 1 (X') is not Whitney-regular over (i"™) -1 ^') 
is dense in W. As {ir™)~ l {X') and {it^)- l (Y') are invariant by the action (H 
and Whitney regularity is preserved by diffeomorphisms, then Z is also invariant 
by the action. This implies in turn the invariance of W . 

It only remains to be proved the £>/ e -invariance of W (X, Y). 
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Consider an open subset V of U and a set H = {hi, h s } which generate ly. 
As Whitney regularity can be checked with respect to any chart, we have that that 
W(X,Y)nJ°°(V,I) = (O^CfWW)), where W = (■?r k+x )~ 1 (W(X^ i , Yy)), 
for X' n := (j^nrH^iX)) and Y H := (j V^V^ CH)- 

Suppose that X and 1" are 2?j e -invariant. Consider an analytic diffeomorphism 

(f> : V — ► U preserving I. We consider the associated push-forward mapping 

(41) : J°°(V,i)-> J°°(cf>(V),I). 

As I is generated over {/ by gi,...,g r , the functions <?io<^ _1 , <7 r o<£ -1 gener- 
ate I over 0(V). Define a : 0£(y) ~^ ^I0(v) by the formula a(fi, f r ) := 
Z)i=i />(flt o -1 )- For any fc < oo we let 

be the associated mapping of fc-jets. For any fc < oo the mapping 

(42) j k fa:J k {V,C r )^J k (4>(V),C r ), 
defined by the formula 

3 k 4*(j k fi(x), ...,j k f r (x)) := UHfx^mx)), ....iH/rof 1 )^))) 

satisfies j k aoj k (f>* = j (j)+°3 <p, and, if fc < oo, defines an analytic isomorphism. 
Letting fc = m and taking into account the fact that the definition of the sets 
Sing(A|0(y)), Sing(Yj0(y)) and W(Xi,p(y)iY<l>(v)) does not depend on the chosen 
set of generators of Imv)> we obtain easily that invariance of Sing(JC), Sing(F) and 
W(X,Y) by □ 

Theorem 6.2. Let X be a closed analytic subset of J°°(U,I), consider a locally 
finite partition 

(43) X:=]J L X j 

by closed analytic subsets of J°°(U, I). There is a canonical Whitney stratification 
of X such that each stratum is a locally closed analytic subset contained in one of 
the sets X;. Moreover, if each of the subsets Xj is T>j - invariant, then the strata 
are T>j e -invariant. 

Proof. The construction is inductive: suppose that for a certain N we have con- 
structed a locally finite partition in disjoint locally closed analytic subsets 

(44) *:=(H Z <)H( H Yi) 

refining the original partition 143fl and with the following properties: for any i G In 
the set Zi is smooth and irreducible of codimension at most N, for any ii,l2 G In 
the stratum Zi x is Whitney regular over Z; 2 , for any i G In the set Yl is irreducible, 
and the union Ujgj' is closed analytic with all the irreducible components of 
codimension at least N + 1. Moreover if each of the subsets Xj is T>j e -invariant, 
then the ZiS and Y^s are also e -invariant. 

Let L C I' N be the set of indices parametrising components of codimension 
precisely N + 1 . For any i £ L we define 

At :=Sing(YT)|J(F l \K i )|J[|J y7nF 4 ]|J[ |J W^Tt)]. 
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To check that it is a closed analytic subset of Y{ we only have to show that the 
two possibly infinite unions involved in its definition are locally finite; this follows 
easily from the local finiteness of the family 1|44[) . We define ijv+i := In U L and 
Zi := Yi \ Ai for any i G L. Let {Yi]i^i' N+l be the set of disjoint subsets consisting 
of the union of {5^}ieJ' \z and the sets of irreducible components of A4 (~l Yi for any 
i G L. The partition 

(45) *:=( H Z ')II( II r ») 

has the properties of the partition (|44|l substituting A~ by N + 1 . Repeating this 
process infinitely we obtain the desired Whitney stratification. □ 

7. Transversality in Generalized Jet-Spaces 

Definition 7.1. Let W be an open subset ofC m . A mapping a : W — > J°°(U, C' r ) is 
analytic i/ t/ie composition 7r£°oa is analytic for any positive integer k. A mapping 
a : W —> J°°(U, I) is analytic if there exists a neighbourhood V around each point 
x G W, and an analytic mapping a : V — > J°°(U,C r ) such that ipoa = aiy. M^e 
say that a is a local lifting of a at x. 

Definition 7.2. Let C C J°°(U,I) be a closed analytic subset endowed with a 
stratification X = {Xj}j e j by smooth irreducible locally closed subsets. Consider 
an analytic mapping a : W — > J°°(U,I). We say that a is transversal to the 
stratification at a point x G W , and we denote it by a ft\ x X if either a(x) £ C , or, 
when a{x) G Xj for a certain j G J, there exists a local lifting a : V — ► J°°(U,C r ) 
around x, and a positive integer m such that Xj is m-determined and 

(46) d(7r™oa) x (T x V)+T^ oa[x) 7r™(<p~ 1 (X l )) = T^ 0&{x) J m (U,C r )- 

It is easy to check that Condition (|46|l holds for a certain m > k if and only if 
it holds for any m > k. As usually, transversality to a Whitney stratification is an 
open condition: 

Lemma 7.3. Suppose that the stratification X considered in the last definition is a 
Whitney stratification. If a rh x X then there is a neighbourhood V of x in W such 
that a frty X for any y G V. 

Proof. As X = {Xj}j & j is locally finite there is a neighbourhood of a(x) in 
J°°(U,I) meeting only finitely many strata {Xj}j£ji. Let k be a positive integer 
such that all these strata are fc-determined. Consider a local lifting a : V\ — > 
J co (U,C r ) with V\ C or x (£t) and such that condition (|46|l is satisfied for m = k. 
This precisely means that the mapping tr^oa : Vi — > J k (U,C r ) is transversal to 
the complex manifold Tr'^ } ((p~ 1 (Xi)) at x. For being X a Whitney stratification 
the partition X' := {ir'£ D (ip~ 1 (Xj))}j ( zji forms a Whitney stratification in the usual 
sense, and therefore there exists an open neighbourhood V of x in V% such that 
TT^oa is transversal to any stratum of X' . Clearly a (t\ y X for any y G V. □ 

Theorem 7.4 (Generalized Parametric Transversality). Let M and S be complex 
manifolds. Let tp : M X S — > J°° (U,I) be a analytic mapping. Consider a closed 
analytic subset C of J°°(U, I) endowed with a Whitney stratification X. Suppose 
that if is transversal to X. Denote by A C S the set of points where tp< s := <f\Mx{s} 
is not transversal to X. Then S\A is dense in S. Moreover, if there exists a compact 
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subset K C M such that ip s is transversal to X at any point of (M \ K) x S , then 
A is a proper closed analytic subset of S. 

Proof. Using local liftings it is easy to show that for being ip analytic, the subset 
C := <^ _1 (C) is closed analytic in M x S, and for being cp transversal to X the 
stratification y := {Yj}j e j (where Yj = (p~ 1 (Xj)) is a Whitney stratification of 
V~\C). 

Let 7r : M x S — > S be the projection to the second factor. Take (x, s) G M x S; 
if (x, s) G C let Yj be the stratum of y to which it belongs. An straightforward 
argument shows that the mapping (pu is transversal to X at (x, s) if and only either 
(x, s) £ C or 7T|y. is a submersion in (x, s). For any j G J we let be the set of 
points where tt\y fails to be a submersion. By Sard's Theorem Tr(Zj) is a set of 
measure in S. The set A is equal to the union Uj£jTt(Zj), and has measure for 
being J denumerable. This shows that S \ A is dense. 

Suppose that there exists a compact K with the property stated in the theorem. 
We claim that the union Z = Uj^jZj is a closed analytic subset of M x S. Then, 
as Z C K x S the restriction ir\z is proper and A = ir(Z) is a closed analytic 
subset. It only remains to show the claim. Using the fact that y is a Whitney 
stratification it is easy to show that Z is closed. Therefore Z — Uj^jZj. Due to 
the locally finiteness of {Yj}j e j, if Zj is a closed analytic subset for any j G J the 
claim is true. For any j G J we consider the closure of the stratum Yj. Consider 
(x,s) G Yj; choose local coordinates (yi,...,yk) of S around s, let (tti, 7Tfc) be 
the components of ir with respect to it; let /i, /jv be a set of analytic equations 
in a neighbourhood V of (x, s) in M X S defining Yj (~l V. If the codimension of Y i 
is c then the rank of the set {df\, rf/jv, f#7ri, dTTfc} of 1-forms defined over U is 
at most c + k. Define 

Zj := {z € Yj fl V : rank{c?/i(z), dfN{z), dni(z), ^^(z)} < c + fc}. 

Clearly Zj is a closed analytic subset of U such that Zj fl 1} = Zj n V. Therefore 
Zj fl V is analytic in V. □ 

Next we show how the versality of an unfolding implies the transversality of its 
associated jet extension with respect to any T>j e -invariant subset. 

Let F : (C n xC s , (O, O)) — > C be an s-parametric /-unfolding. Due to Lemma l1~Bl 
there are open neighbourhoods V and W of the origin in C™ and C s respectively, 
such that V C U and we can write F = Yli=i 9%Fi> being {gi, ...,g r } our fixed set of 
generators of J, and each Fi an analytic function on V x W. Then the jet extension 

(47) pf:Vx J°°(U,I) 

defined by pp{x,s) — j°°F\ s (x) is an analytic mapping, as it admits the analytic 
lifting 

(48) p F : V x W J°°(U,C r ) 
defined by p F {x,s) = (j^F-y^x), j°°F r \ 8 (x)). 

Proposition 7.5. Consider F : (C n x C s , (0,0)) — > C as above. If F is versal at 
(x, s) G V x W, then pp is transversal at [x, s) to any Vj ^-invariant smooth locally 
closed subset of J°° (U, I) . 
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Proof. Let C be a /c-determined T>j e -invariant locally smooth closed subset. Sup- 
pose that F is versal at (x,s). If Pf{x,s) ^ C there is nothing to prove. Sup- 
pose Pf(x,s) G C. The set A :— (j k (f)~ 1 (7r£° (C)) is a smooth analytic subset of 
J fc (J7,C r ). 

To get shorter formulas we denote the function Fi s by /, the point tt^ d (pf{x, s)) G 
J k (U,I) by p, and the point nf(p~F{x, a)) G J fc (£7, C r ) by q. Notice that pf(x, s) = 
fx = j°°f(x), and p = j k f(x) = tt£°(/x). 

We have to show that 

(49) d(TT%>op F ) {XtS) (T {XtS) V xW) + T q A = T q J k (U, C r ). 

As J k {U, C r ) is a trivial vector bundle, its tangent space at q splits as the direct 
sum 

(50) T q J k (U, C r ) = T X U © E, 

where E denotes (Ou^ x /m k+1 ) r , the fibre of the vector bundle J k (U,C r ) over x. 
Then the differential d(prk) q is the projection homomorphism to the first summand. 
Denote by /3 the projection homomorphisms to the second summand. We have an 
epimorphism j k tp x : E — > I x / (I x Pi m k+1 ). As A is j fc !y9" sa t, ura ted we have 

(51) {0} © ker(iVx) C T,A 

Consider any germ of vector field X G 6/ e . Let <fi : V x x (—5, S) — > U be a flow 
obtained integrating a representative of X in a neighbourhood V x oi x in U. As 
/a belongs to the Pj e -invariant subset C we have that 4>t*fx belongs to C for any 
t G (—5,6). Therefore the mapping 

7 : J fe (C/,C) 

defined by 7 (i) := ^((fH+fx) = j k {4>t*f)(4't{x)) is a differentiable curve whose 
image lies in 7r£°(C) C J k (U, I) and such that 7(0) = p. Let Sj be the /-stratum to 
which x belongs. Clearly if r := pr^o^f then r(t) — 4>t{x). As any diffeomorphism 
preserving I leaves invariant the /-strata, we have that the integral curve r maps 
(—6,5) into Si, and that the image of 7 is contained in J k (T,i,I). By Remark 13.41 
the mapping j k ip restricts to an epimorphism of analytic vector bundles 

: J fc (£i,e-)-> J k (Xi,I). 

As j (piEi (q) = P there exists a differentiable lifting 

(52) 7: (-6, <5)^J fc (£,, C r ) 

such that 7 = j k (po ; y and 7 (0) = q. As any lifting of 7 has its image contained in 
A, the tangent vector 7 '(0) belongs to T q A. Clearly d(pr k ) q (f(0)) = r'(0) = X{x). 

Consider the pullback vector bundle r*J fe (Si,/) — > (— <5,<5). Its fibre over is 
4/4 nm^ +1 . Denote by rj : r*J fc (S 4 ,/) -» J fc (Si,l) the mapping defined by 
i7(ft,i) := ft. for any £ G (-5,(5) and /i G (r* J k (Ei,I)) t = J k (Y>i,I) T ( t y We consider 
the trivialisation 

(53) V : (-5, 6) x (4/4 n m k+1 ) -» rV fc (S 4 , J) 

defined by il}{t,nf{h x )) := (t,w^(cpt*h x )) for any /i^ G 4 and any t G (—5,(5). 
Define the curve 

«! : (-5, S) (-5, 5) x (4/4 n m* +1 ) 

by the formula ai(t) := (t,n^(f x )). Observe that 7 = rjoifjocti. 
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On the other hand we consider the curve 

a : {-6,8) -> V x W 

defined by a(t) := (r{t),s). Then n™op F oa(t) = 7rg°(/ T(t) ) = j fc /(r(t)). Defining 

a 2 : (-5, (5) (-5, 5) x (X,//, n m* +1 ) 

as a 2 (t) := (£, 7i"fc°(^-t*/r(t))) we nave ^oppoo = rjoijjoas. 
Consider the following direct sum decomposition: 

(54) T (M [(-M) x 4/4 n m^ +1 ] = R © 4/4 D m k x +1 . 

With respect to it we have a[(0) = (1,0) and a' 2 (0) = (1, ir^(X(f x ))). Then, 
decomposing the tangent space of the vector bundle J k (U,C) at 7r2°(/ x ) as 

T p J fc ([/, C) = T x f/ x CWm fc+1 

we have 

K-°^^)'(o) - t'(o) = d(W>W)K(o) - oi(o)) = (o,7rf (X(/ x ))). 

As n%°op F — ^(po-K^opF and 7 = j k foj we conclude that 

(0,7rg°(X(/ x ))) G x W)+T q A). 

Taking into account inclusion (|51|l we obtain 

(55) {0} © (j fe ¥>xrVr(e 4 , e (4)) C d^opF)^,.)^,.^ x W) + T q A. 

Let d/dwi, ...,d/dwd be a basis of the tangent space T S W. The versality of F 
at (x, s) means 

(56) C(Sf/5twi)| a)ie + ... + (dF/dw d ) {SiX + e 4je (4) = 4. 

As d(j fe <^o7r^°pi?)( 2: ,s)(0, d/dwi) — (0, Tr F ((dF/d'Wi)i StX ), equality i|5T)|) together with 
inclusion (|55|l imply 

(57) {0}ffii? c d(7rropF) (x , s) (T (XiS) y x IV)+T 9 A. 
After this it is sufficient to prove that d(prk) q maps the space 

<i(^op F ) M (r (li /x^) 

surjectively over T X U, but this is trivial because prkoir^opp is the projection of 
V x W to its first factor. □ 

8. The Relative Morsification Theorem 

Let Ai be a Vj -invariant closed analytic subset of T(U,I) with all its irre- 
ducible components of codimension at least n + 1, and containing (where T^ r ' 
was introduced in Theorem 15.4(1 . Recall the set A 2 , appearing in the Topological 
Partition l|35Jl. Define A := Ai U A 2 . The partition V defined by: 

(58) J°°(U,!):=[ U 5u\A]]jA, 

is a partition of J°°(U,I) by locally closed analytic T>j e -invariant subsets, which 
is closely related with the topological partition: they only differ in subsets of codi- 
mension strictly bigger than n. It has the advantage that all the terms involved 
in its definition are locally closed analytic subsets. On the other hand A is not 
canonically defined, but its irreducible components have codimension at least n + 1. 
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As we will see, subsets of codimension bigger than n + 1 in are too small to affect 
the singularity types appearing in a generic deformation of any function of I of 
finite extended codimension. 

By Proposition 14.51 the level sets C m of the filtration by extended codimension 
are finite-determined closed analytic subsets if m < oo. Let {Cij}j^j be the 
set of irreducible components of C\. Given Ci.j we let m(j) be the extended 
codimension of a generic element in it, that is, then minimal m such that the 
intersection Ci.j n C m is not empty. Define dCij := C\j n C m u\+\. Observe that 
if m(j) — oo then dCij = Cij. The local finiteness of {dCij}j^j follows from 
the locally finiteness of {Ci,j}jeJ- Therefore dCi := Uj^jdCij is a closed analytic 
subset. We have a canonically defined partition by T>j e -invariant locally closed 
subsets 

(59) J°° (Uj) = C ]l(C 1 \dC 1 ) ]J dCi 

satisfying that the irreducible components of C\ \ dC\ are at least n-codimensional 
and the irreducible components of dC\ are either of codimension strictly bigger 
than n or are contained in Coo- Indeed: the irreducible components of C\ \ dC\ 
are of the form Ci.j \ dC\ for j G J. If codim(Ci.j) < n, by Proposition 14.61 we 
have Ci.j C Coo, and hence m(j) = oo; in this case dCxj = Cij and therefore 
Ci.j \dCi is empty. Suppose that we have a component C of dC\ not contained in 
Coo', then C is a component of dC\ j for a certain j such that Cij is not contained 
in Coo', in this case codim(Cij) > n and C is a proper closed analytic subset of 
the irreducible C\j\ we deduce codim(C') > n + 1. 
The partition 

(60) J°°(u,i)= ]J z k , 

whose strata are the subsets of the form X f~)Y, where X and Y are respectively 
strata of the partitions (|58|) and l|59|) . is a locally finite partition by locally closed 
analytic £>j e -invariant subsets refining the partitions (|58|l and (|59|l . It is canon- 
ically defined up to codimension n: the only non-canonical element involved in 
its definition is the subset Ai, whose irreducible components are at least n + 1- 
codimensional. Therefore, given a different choice for this set, and an stratum 
Z[ of codimension smaller or equal than n of the resulting partition, it is easy to 
see that there exists an stratum Zk in the original partition with the same closure 
Z than Z[ such that 

codimOZ \ (Z k n Z-) > n + 1. 

If Zk is an stratum such that codim(Zfe) < n then any two germs in Zk are topo- 
logically equivalent and have the same extended codimension. 

Definition 8.1. The canonical Whitney stratification X := {Xj}j e j associated (by 
Theorem \f>. ty) to the partition \6(Al is called the n-canonical Whitney stratification 
ofJ°°{UJ). 

Remark 8.2. The n-canonical Whitney stratification of J°°(U,I) is canonically 
defined up to codimension n, in the sense explained above. If Xj is an stratum such 
that codim(Xj) < n then any two germs in Xj are topologically equivalent and have 
the same extended codimension. 
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Definition 8.3. A stratum of the Topological Partition or of the n-canonical Whit- 
ney stratification of J°°(U,I) is called thick if it has a irreducible component of 
codimension at most n. 

Consider / G / defined on a neighbourhood V of the origin O in U such that 
ci.e(f) < oo. Let pf : V — > J°°(U,I) be its associated jet-extension. By the local 
finiteness of X we can shrink V such that Pf(V) only meets finitely many strata. 
Therefore there exist a radius e such that p/(i?2e) only meets the strata of X whose 
closure contain Pf{0). Let Xi,...,X s be such strata. If e is small enough we know 
that the only point where / has positive extended codimension in P>2 e is the origin. 
Therefore / is its own versal unfolding for any x ^ O, and, by Proposition the 
jet extension pf is transversal to each stratum Xi at x. Consequently pJ 1 (Xi) is 
smooth outside the origin and {pj^g 2 (Xi)}i< s defines a Whitney stratification in 
Bi t \ {O}- Hence, if e is small enough we can assume that S e is transversal to any 
stratum pJ^ B (Xi). Any such radius e satisfying the above properties is called a 
good radius for /. From this moment a good system of radii for / is a pair (e,rj) 
satisfying the conditions imposed in Definition 1 2. II and such that e is a good radius 
for/. 

Definition 8.4. A stratum of the topological partition or of the n-canonical Whit- 
ney stratification of J°°(U,I) is called unavoidable by / if it is thick and Pf(0) 
belongs to the closure of one of its components of codimension at most n. 

Definition 8.5. Let f G I x such that cj < oo. We say that f x is codimensionally 
irreducible if there not exists an unfolding F : (C™,0) x (C,0) and a sequence 
{(x n , s„)} I j S n converging to (x,0) such that Cj e {F\ Sn . Xrl ) < Cj e . 

Let (j4i, A s ) and (A[, A' s ) be two tuples of topological spaces such that 
Ai C A\ and A^ C A[ for any i, j < s. We say that the two tuples are topologically 
equivalent if there exists an homeomorphism h : Ai — > A[ such that h(Ai) — A[ for 
any i. 

Theorem 8.6 (The Relative Morsification Theorem). Let f G / such that c/ je (/) < 
oo, and let F : U x V — * C be a representative of a versal unfolding of f . Let 
{X\, ...,X S } and {Bi, Bk} be respectively the strata of the n-canonical Whitney 
stratification and of the topological partition that are unavoidable by f . Let e be a 
good radius for f . The subset V can be chosen small enough so that there exists a 
closed analytic subset A C V (called the discriminant of F), and a positive number 
r\ such that 

p Fl3 : B e+V x {s} ^ J°° (U,!) 

is transversal to the canonical Whitney stratification X for any s G V \ A. As a 
consequence 

(1) Lf s G 1^\A then the image of pp lB meets only strata of X or of the 
Topological Partition that are unavoidable by f. 

(2) The topological type of the tuples 

(61) (B^p-^X^.^p-^Xs)), 



(62) 



(B e ,p^(B 1 ),...,p^(B k )) 
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does not depend on s £ V\ A. Moreover the topological type of these tuples 
does not depend on the chosen versal unfolding. 

(3) The germ of F\ s x is codimensionally irreducible for any x £ B t and any 

seV\A. 

(4) The number of points of B e where F\ s has a fixed extended codimension does 
not depend neither on s £ V \ A nor on the choice of the versal unfolding. 
The points of B t \ V(I) where F\ s has positive extended codimension are 
A\- singularities. Moreover F\ s has extended codimension along dB f . 

(5) The analytic type of the germ (V,A,0) (where O is the origin of V ) does 
not depend on the choice of the unfolding as long it is universal (that is 
versal with &im(V) = cj te (f)). 

Proof. As F is versal, by Proposition l7.5l the mapping pp is transversal to X. Using 
the same argument than in Lemma 12.31 choosing V small enough we can assume 
that Cj e (Fi s x ) = for any x £ B 2c \ -B e /2 x V; therefore for such points the germ 
F\ s>x is its own versal unfolding. Hence, by Proposition 17.51 the mapping pp lB is 
transversal to X for any x £ B 2 e \ B e / 2 . Choose n < e. Applying Theorem 17.41 
we conclude the existence of a closed analytic subset A such that pp s ftl X for any 
s £ V \ A. Now we derive the stated consequences. 

As the n-canonical Whitney stratification is a subdivision of the topological 
partition the assertions concerning the former are imply the analogous assertions 
concerning the later. 

Let s £ V\ A; as dim(i? e ) = n, by transversality, the image of pF la only can meet 
strata of X of codimension at most n, hence thick. By local finiteness of X and the 
fact that the radius e is a good radius for /, we can choose V small enough so that 
the closure of any stratum of X which is met by pF(B e+ri x V) necessarily contains 
the origin. Therefore the image of pF lB only can meet strata that are unavoidable 
by /. This shows assertion (1). 

Let Xi, X s , X s+ i, ...,Xi be the strata of X whose closure meet p/(0). By the 
transversality F fh X we have that 

y = {Y l := ppiXi)}^ 

is a Whitney stratification of B t+rj x V. Let ir : B e+V x V be the projection to the 
second factor. Define l^|y\A '■— Yi^n^ 1 (V\A) . For any s £ V\ A, the transversality 
Pf 1b rh X implies that either 1^|\/\a is empty or it projects submersively to V \ A. 
On the other hand, as e is a good radius, choosing V small enough we have that 
S e ftl 5^1 s for any i < I and any s £ V. This implies that the Whitney stratifications 
y and {B e ,S e } meet transversely, and that, if Z is the Whitney stratification 
formed by pairwise intersection of strata of the previous one, the restriction of the 
projection 

7T : B e x (V \ A) -> V \ A 
to any stratum of Z is submersive. As n is proper we have that Z is topologically 
trivial over V \ A. This proves the independence on s £ V \ A of the topological 
type of the tuple 

Let F : U x V — > C and F' : U' X V' — ► C be two versal unfoldings. The mapping 
F" : U x (V x V) -> C defined by F l{vy) := F v + F v > - f is a /-unfolding of F 
such that Ffy x r ,y — F' and F?t y xV , — F' (where O and O' are the respective 
origins of V and V). Clearly F" is versal, and moreover its discriminant does not 
contain neither V x {O'} nor {O} x V. The independence on s 6 V X V \ A of the 
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topological type of the tuple Qfiljl for the unfolding F" implies the independence on 
the choice of versal unfolding. This finishes the proof of Assertion (2). 

Given s £ V, the set of points of B e+V where F\ a has extended codimension is 
P~e\ (Ci)- For any i > we let Zi be the union of the strata among X\, X s which 
contain germs of extended codimension precisely i\ define Z := Uj>o.Zj. Assertion 
(1) implies that for any s € V \ A we have p^ 1 (C\) — p^ 1 (Z) and that, for any 

i > 0, the set of points where F\ s has extended codimension / equals p^ 1 (Zi). The 
topological type of the tuple (|rTT)l determine the topological types of the subsets 
Pp^ (Z) and p^ 1 (Zi) for any i > 0. Consequently, by Assertion (2), this topological 
types are independent of s £ V \ A. 

The independence of the topological type of p^ 1 (Z) implies Assertion (3). As the 

topological type of p^ 1 (Zi) determines the number of points where F\ s has extended 
codimension i, Assertion (2) also implies the first part of Assertion (4). The fact 
that the points of B e \ V(I) where F s points of positive extended codimension are of 
type A\ follows from Assertion (3): if x is such a point then I x = Oc™,x and, by the 
morsification theory for isolated singularities, the only codimensionally irreducible 
singularities in this case are Morse points. 

The fifth assertion is easy taking into account that the strata of X are T>j - 
invariant. □ 

The fact that the topological type of the tuple l|f)2")> does not depend on s G V \ A 
can be phrased saying that if g and h are any two generic close approximations of / 
in /, the partition of B e by topological type of g is homeomorphic to the analogous 
partition for h. 

Adendum 8.7. The projections to the second factor 

(B e xV\ A, p-^JX,), , ...,P F ^ A (X S )) - V \ A 

(Be x V \ A, p-^JB,), , p-^ AA (B k )) -> V \ A 

are locally trivial fibrations of tuples of topological spaces with fibre the tuples i)67l) 
and respectively. The topological type of these fibrations is a T>j -invariant. 

Adendum 8.8. With the notations of last theorem, let r be the number of Ax- 
points in B e \ V(I) of a generic deformation F\ s of f within I . There exists a 
closed analytic proper subset A' C V such that its complement V \ A' is the set of 
s € V such that the images by F\ s of the critical points of F\ s in B e \ V(f) are r 
different points which are also different to ifV(f) 0. 

Proof. First we show that the set of values of the parameter s with the property 
of the statement is dense in V. Consider s £ V \ A. Then the only singularities of 
F\ s in B e \ V(I) are r Morse points, which we denote it by pi, ...tPt- Suppose that, 
for any i < r, we manage to construct an /-unfolding G % :— F\ s + th such that for 
any t small enough the critical points of G\ t in B e \ V(I) are pi, ...,p r and 

G\ t (p i )=F ls (p i )+t 
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for i 7^ j. Then, using the versality of F, we deduce easily that for s' close enough 
to s the critical points of F\ s i in B c \ V(I) are pi, ...,p r , their images are pairwise 
different and different to 0. 

Let us construct the /-unfolding G . As pi, ...,p r are different and do not belong 
to V(I) there exist a function g £ I vanishing at p2,...,p r and such that g(pi) = 1. 
Then the function h := (2 — g 2 )g 2 belongs to /, vanish and is singular at p%,...,p r , 
takes value 1 and is singular at p\. Define G 1 :— F\ s + th. 

Consider the analytic mapping a : V \ A — » C r whose i-th component <Ji assigns 
to s the i-th symmetric function evaluated in the images of the critical points of F\ s 
in B t — > C \ V(f). Let (3 : C r — > C be the analytic mapping associating to ai, a r 
the discriminant of the polynomial T r + Y2i=i a iT r ~ l . Define <p : V \ A — » C to be 
the composition p := fioa. The function F is defined in B e x V, therefore, if V is 
small enough then F(B € x V) is a bounded set in C. Hence cr, and consequently 
ip are bounded functions. By Riemann extension theorem we can suppose that the 
analytic function tp is defined in the whole V . It is easy to check that defining 
A' := ^- x (0) if V(f) = and A' := ^(O) U ct^^O) if V(f) ^ the statement of 
the proposition holds. □ 

Definition 8.9. The minimal closed analytic subset A C V with the properties 
of Theorem \8.b\ is called the discriminant of F in V. The subset A' introduced in 
Provosition 18.81 is called the bifurcation variety of F in V. The union A U A' is 
called the big discriminant of F in V . 

The bifurcation variety defined here generalises the bifurcation variety for iso- 
lated singularities and the one studied in |2fi| . 

Definition 8.10. Let f G / be a function of finite extended codimension and e a 
good radius for it. An I -unfolding F : (C™ x C, (O,0)) — » C is called a Morsifi- 
cation if for any small enough s / the jet-extension pp. : (C n , O) — > J°°(U,I) 
is transversal n-canonical Whitney stratification in a neighbourhood of the origin 
containing B e , and the images of the isolated critical points of F\ s are pairwise 
different and, if V(I) ^ 0, also different from 0. 

A consequence of our result is that any generic uniparametric /-unfolding is a 
Morsification. 

9. Applications 

In this section we explain two applications of our Relative Morsification Theorem 

9.1. Numerical invariants. In Example 1 1 . 1 (Jl we proved that in general the ex- 
tended codimension does not behave in an conservative way with respect to defor- 
mation, unlike the Milnor number in the case of isolated singularities. We introduce 
now some numerical 2?/-invariants for functions of / which are conservative and re- 
lated to the extended codimension. 

Definition 9.1. Let f G / be a function such that c/ je (/) < oo. Let e be small 
enough so that the origin is the only point of B e where f has positive extended 
codimension. Define the splitting function 

(63) o-/[/]:N-»-Z>o 

of f with respect to L imposing that <Jf(k) is the number of points of B e where Fi s 
has extended codimension k, being F a versa! 1 -unfolding and s a parameter not 
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contained in the discriminant. Define the corrected extended codimension c/ )e (/) 
of f with respect to I by the formula 

(64) c I:e (f):=J2^i[f](k). 

fcGN 

Define the Morse number AAi(f) of f with respect to I as the number of points 
of B e \ V(I) where Fi s has an A\ singularity. 

Clearly c/ !e (/) < cj e (f). Example 1 1 . 1 01 shows that the inequality may be strict. 
By formula we have ai[f](k) < c/ je (/)/fc. The Morse number, the extended 
codimension and the corrected extended codimension coincides with the Milnor 
number when / = Oc n ,o- 

Using versal unfoldings it is easy to check the conservativity of the invariants 
defined above: consider / 6 I, a function such that ci, e (f) < oo; let e be small 
enough so that the origin is the only point of B t where / has positive extended 
codimension. Given any /-unfolding F : C" x — > C and any small enough seC' 
of the parameter we have 

(65) £ «!„(/) =«i(/o), 
where aj x (f x ) stands for crjjf x ], Cjjfx) or Mj x (f x ). 

Remark 9.2. Obviously, more refined numerical invariants can be defined taking 
into account the distribution of the points of a fixed extended codimension of a 
generic deformation F\ s in the partitions given by the tuples |6'J|) and fb'SHljl. or even 
considering numerical topological invariants of the tuples. 

9.2. Consequences on the topology of the Milnor fibre. In this section we 
deduce topological properties of Milnor fibres with the help of Morsifications. 

Let V = V(I) be the analytic germ defined by I. Suppose V ^ 0. Due to the 
conical structure of analytic germs there exist eo > such that VC\B e is contractiblc 
for any e < eo- 

Recall that we have fixed generators g\, g r of I in the open subset U . Consider 
the real analytic function n : B t — * R by the formula n(x) := X)I=i (^c) | 2 ■ We 
claim that is an isolated critical value of k: otherwise, by the Curve Selection 
Lemma, there exists a germ of analytic path 7 : (R, 0) — > B c such that 7" 1 (V) = {0} 
and (no^y(t) — for any t. This is a contradiction, and hence our claim is true. An 
analogous reasoning yields that is an isolated critical value of the restriction K\g e . 
As a consequence we can choose a positive £0 such that is the only critical value 
of k in [0,£o] and k _1 (^) fti S e for any £ e (0, £o]- Then, for any £ G (0,£o], the set 
N e £ :— k -1 [0,£] is a compact neighbourhood of V D B € in B e , whose boundary is 
a manifold with corners. Moreover, by Ehrcsmann fibration theorem the mapping 

(66) K |v e , 5 \K- 1( o) :^\« _1 (0)->(0,£] 

is a locally trivial fibration. 

Consider f £ I with cj >e (/) < 00. Let F be a 7-morsification of /, and h := Fi s 
for a certain s to be chosen later. We can assume that e is small enough so that there 
is 77 > such that (e, if) is a good system of radii for /. Take a small enough positive 
number S so that the conclusions of Theorem l2.2l are fulfilled; choose s G D$. Then, 
for any t G D v we have (tl S e (the transversality is meant in a stratified sense 

when t = 0). 
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Define 

Y e , s , n := N e , 6 n h-^Dr,) Y e ^ v := Y e ^ v \ /T^O). 

We claim that there is a positive £ < £o small enough so that there exists 77 satisfying 
that 

(67) : - D v \ {0} 

is a locally trivial fibration, and, moreover, if (£',?/), with £' < £, is a pair of 
radii defining an analogous fibration, then this fibration is equivalent to the one 
associated with (£, 77). 

As the critical points of h in B e are either points contained in V or isolated 
points of positive extended codimension it is clear that choosing £ small enough 
we can assume that the only critical points that h has in N e ^ are included in V . 
Therefore the image of all the critical points is 0. 

The boundary of N e< £ is a manifold with corners admitting the following decom- 
position in smooth strata 

dN e4 = (k-^M) n s e ) U(« _1 (0 n s e ) ]1(k-\0 n b € ). 

As h~ l {t) rtl S e for any t € D e \ {0} and k -1 ([0, £)) l~l £«: is open in S e we deduce 

ft- 1 (*)rh«- 1 ([0,0) 

for any ieD £ \{0}. 

On the other hand /i _1 (0) is smooth outside V. We show that there exists £ 
such that 

(68) r'foifhf^tOnB,) h-\o) rti ns £ ) 

for any £' < £. Suppose that for any £ > the set of points where ft. _1 (0) is 
not transversal to (k _1 (£) n B e ) is not void. Then by the Curve Selection Lemma 
there is a germ of analytic path 7 : (R, 0) — * /i _1 (0) such that ^^ 1 {V) = {0} and 
(no^yit) = for any t £ (S, S). Then the function K07 has zero derivative, but is 
not constant, this gives a contradiction which shows ft _1 (0) rtl (ft _1 (£') Pi B e ) for £' 
small. The transversality /i _1 (0) rtl (« (£') fl5 E ) when £' is small enough is proven 
analogously. Using the compactness of (k _1 (£) PI 5 c ) II(k _1 (£) H -B e ) it is easy to 
show that if 77 is small enough then 

h-\t) rtl n B e ) h-\t) rtl (K _1 (f) n S e ) 

for any t £ Z?, ; . 

Summarising, we have found £ and 77 such that /i -1 (t) is transversal to the 
manifold with corners dN e ,£ for any t G D^, and such that the only critical points 
of h at N e £ are at /i _1 (0). By Ehreshmann fibration theorem the mapping H67|) is 
a locally trivial fibration. Using the fact that (|68|l holds for any £' < £ it is easy to 
check that the fibration analogous to l|67|) associated with any other suitable pair 
(£',77') satisfying £' < £ is equivalent to the one associated with (£,77). This shows 
the claim. 

Using both the transversality conditions that we have checked up to now and 
the fibrations (|66|l and l|67|l . it is easy to show that the set Int(Y e ,£,i7) of interior 
points of Y e £ !V is a dilation neighbourhood of V D B e in the sense of On the 
other hand, considering a Whitney stratification on V (1 B e and taking a controlled 
tube system for it (in the sense of 0) we obtain a tubular neighbourhood T of 
V (~\ B e which admits a deformation retract to it. By the Uniqueness Theorem of 
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dilation neighbourhoods of jI3] we deduce that T is diffeomorphic to lnt(Y e ^ iT] ). 
Therefore the contractibility of V fl B e implies that lnt(Y e ^ iV ), and hence Y e ^. v , is 
contractible. 

The following Theorem shows how to use our theory to extract topological in- 
formation of the Milnor fibre of /. 

Let F denote the Milnor fibre of /. Denote by Fq the fibre of the fibration (|67|1 . 

Theorem 9.3. Let F denote the Milnor fibre of f . Denote by Fo the fibre of the 
fibration J6'7| ). Recall that M.(f) denotes the Morse number of F. Then 

(69) H fe (F,Z) =H fc (^o,Z)0[H fe (S"-\Z)]^) 
for any k. 

Moreover, if either n = 2 or both Fq and F have trivial fundamental group then 
F has the homotopy type of the bouquet 

(70) F \J[ \/ S- 1 ], 

M(f) 

that is, the bouquet of Fq with A4(f) spheres of dimension n — 1. 

Proof. By Theorem 12.21 the Milnor fibre F is equal to the generic fibre of the 
mapping (|10|1 . After this essentially the same arguments considered in |23 (for 
which the contractibility of Y t ^, n is needed) allow to conclude. □ 

Adendum 9.4. If the critical locus of f is at least of codimension 3 then both Fo 
and F have trivial fundamental group, and, hence, the homotopy decomposition of 
last Theorem holds. This happens, in particular, when codim(y(/)) > 3. 

Proof. Suppose that the codimension of the critical locus of / is at least 3. Let 
S C J°°(U,I) be the closed analytic subset formed by the singular germs. Then 
any irreducible component of S which is met by the image of the jet extension 
Pf : B e — ► J°°(U,I) has at least codimension 3. The transversality properties of a 
Morsification F| s imply codim(p^ | 1 (S)) > 3, that is, the codimension of the critical 

locus of F s is at least 3. Then the results of imply the simple connectivity of 
F and F. □ 

Theorem 19.31 reduces the study of many properties the Milnor fibre of / to 
the study of the Milnor fibre of Fo. In the study of Fq the fibration l|tj7fl our 
Relative Morsification Theorem becomes very important: it tells us that the only 
singularities that Fu can have belong to strata of the topological partition which are 
unavoidable by / (this imposes conditions for example in the codimension of such 
sets of singularities). This has been already used successfully for certain classes of 
ideals (see 120]) [H]> |25| . |18|). The transversality of the jet extension pp ]s to the 
relevant strata of J°°(U,I) relates the relative position of the different singularity 
types appearing in pp. with the relative position of the relevant strata in J°°(U, I). 

10. Numerical invariants and intersection multiplicities 

In this section we give a characterisation of the invariants introduced in Defini- 
tion!^] in terms of intersection multiplicities in the generalized jet space. We will 
use certain intersection theoretic constructions of 0, that can be checked easily 
that remain valid in the analytic setting, at least in the very restricted degree of 
generality that we need them. 
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Let V C J°°(U,I) be an irreducible closed analytic subset of codimension n. 
Given any / £ I x , its jet extension pf : (C n ,x) — > J°° (£/,/) is a germ of analytic 
mapping. Suppose that x is an isolated point of p^iV); as we work with germs at x 
we can actually assume pj (V) = {x}. Express / = 53l=i fidi where gi, ...,g r is our 
fixed set of generators and fi, f r are holomorphic in x. We have the associated 
local lifting p f : (C n ,x) - J°°(tf,C7) given by = V 0O Mv),...,j oo My)). 

Choose an integer k such that V is fc-determined; then V := j f" 1 (7r^° (V)) is 
an irreducible variety in J k (U,C r ). Define fij := 7r£° /5/; let a;' := p k (x). Let 
^dim(y) (V) an d ^oCi^'}) be respectively the groups of analytic cycles of dimension 
dim(V') and of V' and {x'}. These groups are obviously isomorphic to Z with 
respective generators [V] and {x'}. By Definition 8.1.2. of there is a refined 
Gysin homomorphism 

(p k f ) [ ■.Z dimiv , ) (V')^Z ({x'}. 

Definition 10.1. We define the intersection multiplicity of pf and V at x to be 

the integer i x {pf 1 V) characterised by 

(p k f ) l {[V'])=i x (p f ,V)[x']. 

We have to prove that the last definition is independent on k and on the functions 
fl,...,f r giving rise to the local lifting. Moreover we want to give a formula to 
compute i x (pf,V). For this we need to recall from [5] how the intersection product 
(PfYdV'}) is defined. 

Consider the subvariety V" := C" x V of the product C" x J k (U,C r ); denote 
by Cfc the projection to the first factor. Let 7^ : C™ — > C™ x J k (U,C r ) be defined 
by 7/(y) := (y, pj(y)); its image Tj is the graph of p'j; let x" := Jf(x). Observe 
that J k (U,C r ) is isomorphic to U x for a certain N; let pri and -pr-i be the 
projections to the first and second factor. Recall that we have fixed coordinates 
(xi, x n ) for C". Let z\,...,Zn be a coordinate system for C^; consider the 
coordinate system (yi, ...,y n+ ^) of J k (U,C r ) defined by t/j := Xiopri for 1 < i < n, 
and j/n+i := ziopri for 1 < i < N; then .., Xn, J/i, •••) J/n+w} is a coordinate 
system for C™ x J k (U, C). Define /ii := y n +i Jf°o-k for i < N. Then the subvariety 
Fj C C™ x J k (U, C r ) is defined by the regular sequence 

(2/1 - Xi,—,Vn - x n: Dn+i - hi, ...,y n+N - h N ). 

Composing with the natural ring epimorphism Oc n xJ t (c,C"),x" ~ * @V",x" w e ob- 
tain a sequence s = (si, s„ + jv) of elements of Oy ,x"- Let K.(s) be the Koszul 
complex associated to s; denote by Hj(K.(s)) its i-th homology module. Then 
unwinding the definition of (pj)' and applying Example 7.1.2 of (Sj we obtain: 

n+N 

(71) i x (p f , V) := dim c (H i (K.( S ))). 

i=i 

Remark 10.2. If s is a regular sequence then FL(K.(s) = for i > 0. Then 

i x ( Pf ,V) = dimc(H (K.(s))) = dim c (0 C »,c/P/* J), 
where J is the ideal sheaf of V . This happens when V' is a Cohen- Macaulay variety. 
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Suppose that I > k. The projection nl : J l (U,C r ) — * J k (U,C r ) is a trivial 
fibration with fibre C L , for a certain L; hence we have a product decomposition 

(72) J l (U, C r ) = J k (U, C) x C L , 

let qi and qi be the projections to the first and second factors. Let W\, ...,wl be a 
coordinate system for C L . Define a coordinate system Y\, ...,Y n+ N+L of J l (U,C r ) 
by Yi :— q{yi for 1 < i < n + N and y n +N+% ■— q^wi for 1 < i < L. The 
subvariety W :— (jV) _1 ( 7r i°°(^)) is clearly equal to (■n l k )~ 1 (V), which by the 
product decomposition l|72|l is equal to V x C L . Therefore the subvariety W" :— 
C" x W of the product C™ x J l (U,<C r ) is equal to the product Cx^'xC 1 
Observe that ^°7/ = 2/i°7/ for 1 < i < n + TV. Define i/^ := Y" Jl+ i07j.o<j; (where 
tji is the projection of C" x J l (U,C r ) to the first factor) for 1 < i < N + L. 
Consider the projection /3 := (Id c «,7r|.) : C " x J '(^ Cr ) ^ C " x jk ( u > ^ observe 
that Hi = hio(3 for any i < N. Define x'" := Jjix); observe that j3(x"') = x". 
Let s' = (s[, s' n+N+L ) be the sequence of elements of Ow,x'" obtained by 
projecting the regular sequence 

(Yi — %i, ■■■jYn — x n , Y n+ i — Hi, Y n+ N+L — Hn+l)- 

Using the product structure in W" it is easy to check that (s' n+N+1 , s' n+N+L ) is 
a regular sequence. Moreover if Z is the analytic subspace of W" defined by the 
ideal generated by (s' n+N+1 , s' n+N+L ), and s" denotes the class of s£ in Oz,x"', 
then the restriction <j| Z : Z — * V" is an isomorphism satisfying cr* z Si — s" . 

Let (si, s r ) be elements of a ring A. Let S2, ■■■,s r be the classes of S2, s r 
in A/(si). We have the decomposition K.(si, s r ) — K.(si) ® K,(s2, s r ), in 
which 

(73) K p ( Sl ,...,s r ) = [Ko(si) ®K p (s 2 ,...,s r )] © [Ki(s ) ® K p _i(s 2 , s r )]. 

Denote by /3 P : K p (s2, s r ) — > K p (s2, s r ) be the natural epimorphism. Consider 
the morphism of complexes a. : K.(si, s r ) — > K.(s2, s r ) defined by a p = 
(3 P © in terms of the decomposition (|?3"|) . 

Lemma 10.3. If si is not a zero divisor of A then a, is a quasi-isomorphism. 

Proof. The homomorphism a is clearly surjective in each level. It is easy to check 
that the complex formed by the kernels is acyclic. □ 

Using the last lemma repeatedly we obtain 

n+N+L n+N 

(74) (-l) i dim c (H i (K.( S ')))= ^(-l^dimc^CK.K,..,^))); 

i=l i=l 

due to the fact that a\z is an isomorphism satisfying o~* z Si = s'( the last quantity 
equals 

n+N 

£ (-l)Mimc(IL(K.(s))). 

i=l 

This proves the independence on k of Definition 111). II 

Let X be a smooth analytic variety and Y an irreducible closed analytic subset 
of codimension n in X. Consider an analytic mapping G : B e x D$ — > X . Suppose 
G |o 1 ( y ) = Choosing e small enough and < S << e, the restriction ir : Z := 

G^ 1 (Y) — > D$ of the projection to the second factor is a finite map. Consequently 
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Z is a 1-dimcnsional closed analytic subspace of B e x D$. For any t S the set 
(F) is a finite number of points {px, ...,pd}', therefore any cycle in Zo(GZ (V)) 
has a unique expression of the form 521=1 n iVii where n, are integers. Define the 
degree of a cycle as deg(^^ =1 riiPi) '■— J2i=x n i- Proposition 10.2 of tells precisely 
that 

Lemma 10.4. In the preceding situation deg(Gj t ([V]) does not depend on t. 

Now we prove the independence of Definition 110.11 on the functions fi,---,f r - 
Suppose that we have another expression / = YH=i9i^i- Choose e so that /, 
the fi's and the h^s are defined in B c . Defining Fi : B e x C — ► C as F% := 
(1 — t)fi + thi we have / = 9i-^i\t f° r each t. Define an analytic mapping 

4>\ t : B e xC^ J°°(U,C r ) by the formula <j>{x,t) := j°°F llt (x), j°°F r \t(x). Choose 
e small enough so that B.Cipj^V) = {O}. As <j>\ t : B f -> J°°{U, C r ) lifts p f we have 
(t>7 t (V) = {O} for any t. Therefore i x (pj,V) computed in terms of C?i| t , G r \ t 

is equal to deg(7r£°o</>| t ) ! ([7r£°(F)])). Applying Lemma TlOTI we obtain that this 
number is independent on t. Hence Definition 110. II is independent on the choice of 
the functions fx, f r . 

Remark 10.5. IfV is £>j e -invariant the independence on choices of Definition \lU.7\ 
also could be proved using the versal unfolding to show that for a generic deforma- 
tion F\ t of f , the number of points of pp t {V) is equal to i x (pf,V). In this way it 
also follows the independence of io(pf, V) on the choice of the system of generators 
of I. 

Another easy consequence of Lemma ri0.4l is the following "Conservation of Num- 
ber Formula" : 

Proposition 10.6. Let V C J°°(U,I) be an irreducible closed analytic subset of 
codimension n. Consider any f G / for such that O is an isolated point of p^ (V). 
Let F : C™ x C — > C be any I-unfolding of f. For any positive and small enough e 
there exists a positive S such that for any t G C k with \ \t\\ < 5 we have 

(75) %o(j>f,V)= i*(pF lt ,V). 

x£B r _ 

Proof. Let pp : C n x C — > J°°(U,C r ) be an analytic local lifting of pf ■ Observe 
that 

deg(^op Flt )\[^(V)]))= i*(PF lt ,V) 

x£B c 

and apply Lemma 1 10. 41 □ 

This provides an algebraic formula for the splitting function and the Morse num- 
ber: 

Corollary 10.7. Consider f G I with c/ ie (/) < 00. Then 

<ri[f]( n ) = io(Pf,Z n ), 

where Z n is the union of the irreducible components of Cx such that the extended 
codimension of a generic member of them is precisely n. 

If a germ f x G J°°(U, I x ) has a Morse point at x then 
(1) the projection pr(x) does not belong to V(I), 
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(2) the function f x has a critical point in x, 

(3) the function f x has positive codimension with respect to I x . 

The germs having Morse points are a dense open subset among the germs having 
these three properties. Clearly conditions (1) and (2) hold simultaneously if and 
only if conditions (1) and (3) hold at the same time. In other words, if Z is the set 
of germs f x having critical point then 

(76) Z\pr- 1 (V(I))=C 1 \pr- 1 (V(I)). 

We define the finite-determined closed analytic subset M C J°°(U,I) as the 
union of the irreducible components of C\ not contained in pr^f(V(I)). We have 

Corollary 10.8. Consider f € I with Cj e (f) < oo. Then 

M(f) = io(p f ,M). 

Suppose that M is fc-determined. A key step to effectively compute the Morse 
number is to have an explicit description of the ideal of M' := (j fc <^) _1 (7r£°(M)) as 
a subset of J k (U,C r ). Due to Equality l|76[> we can obtain such a description: 

Observe that Z is clearly 1-determined. We show that it is a closed analytic 
subset and give generators for the ideal defining (j 1 ip)~ 1 (ir^° (Z)). 

Recall that C{x} denotes the space of convergent power series in n variables 
xi,...,x n and m denotes its maximal ideal. If a — (a±, ...,a r ) we set x a :— 
x" 1 ...x" r . Given any element h = (hi,...,h r ) £ C{x} r , for any a £ Z> we 
denote by a l a (g) the coefficient in x a of the power series expansion of hi. The 
set U x (C{x}/m k+1 ) r is an affine space with coordinates x\,...,x n and a l a (for 
1 < i < n and a = (ai, ...,a r ) such that \a\ :— Y^,i=i a i — We consider 
the trivialisation r k : U x (C{x} / m k+1 ) r -> J k (U,C k ) (see Formula Efl . De- 
fine Po,...,(3 n 6 Z> by p = (0, ...,0) and Pi the n-tuple whose only non-zero 
component is the i-th one and has value 1. An easy computation shows that 
(j k ipoTk)~ 1 (tt^ (Z)) the subset of U x (C{x}/m fc+1 ) r given by the set of common 
zeros of the functions Qi, Q n , where 

n df 

Qi(...,Zi,...,al,,...) := ^[a^^izu ...,z n ) + aPp.fjizu ...,z n )}. 

3 = 1 

Define J\ := (Qi,...,Q r ) and let Ji be the pullback of / by the projection of 
U x (C{x} / m k+1 ) r to its first factor, that is, the ideal generated by {gi(zi, z n ) : 
1 < i < r}. Then the ideal of functions vanishing at M' is 

(77) J M , = (v/Ji : J 2 ). 

This shows in particular that (j°°ip)^ 1 (M) is 1-determined: we could have worked 
with k = 1. 

Remark 10.9. In 3 it was proved a slightly different Modification result for 
hypersurface singularities with critical locus an i.c.i.s. and transversal type A\. 
There the critical locus a generic deformation of a function of finite codimension 
is the Milnor fibre of the i.c.i.s together with a finite number of A\ points. The 
techniques of this section can be easily adapted to compute the number of A\ points 
in such a generic deformation. 



4G 



JAVIER. FERNANDEZ DE BOBADILLA 



10.1. Conservative numerical invariants. The following proposition tells us 
how to associate a numerical invariant to any closed analytic subset V of pure 
codimension n of J°°(U, I): 

Proposition 10.10. Suppose that V is 23j - invariant. Then the intersection mul- 
tiplicity i x (pf,V) is a 23 j - invariant defined in J°°(U,I). 

Proof. By simplicity we work at the origin. Let / 6 I and (f> G 23/. We have to 
prove the equality io(pf,V) — io{p<t>«f,V)- Consider neighbourhoods U\ and £/ 2 
of the origin in C" such that 4> is defined in U\ and (j){Ui) = U 2 - The mapping 4> 
induces a bijection 

J k (UiJ)^ J k (U 2 J) 

and an analytic isomorphism 

0» : J k (UiX r ) -» J k (U2,C r ) 

for any positive k and r. A set of generators {/i,i, fi. r } of I\u 1 induces a set 
of generators {/2,i, /2,r} of I\ U2 defining f 2 ,i := <fi*fi,i- Consider the associated 
cpimorphisms 

<Pi : - I Vl 

for i = 1,2, defined by <fii(hi, h r ) := Y^j=i hj fi,j ■ They induce respectively 
mappings 

j k <p i :J k (U i ,C r )^J k {U u l) 

satisfying j*V 2 °j fe 0* = j k <f>*°j k <Pi- 

Pick up hi,...,h r satisfying / = X^i^/m- This induces an analytic lifting 
of py, defined by the formula /5y(a;) := (j k h\(x), j k h,2(x)). Noticing that 
4>*.f = S[=i 4>*hif2.i we deduce that j k cf)*op k is an analytic lifting of As 
j k 4>* : J k (Ui,C r ) — ► J k (U2,C r ) is an analytic isomorphism which satisfies 

(because of the £>/-invariance of V), the equality io(pj,V) — io{p<f> t f, V) is satis- 
fied. □ 

Any numerical 23 j e -invariant 5 : J°°(U,I) — ► Z>o U {oo} constructed by inter- 
section multiplicity with 23 j e -invariant closed analytic subsets of pure codimension 

n of J°°(U,I) clearly satisfy the following properties: consider any f x £ I x with 
cj x>e (f) < oo and F : (C", a;) x (C k ,0) -> C, any /-unfolding of /. 

(1) Finiteness: S(/ x ) < oo. 

(2) Analyticity: for any integer AT the set 

{(x,t)eC"xC fc : ~(Fj M )>0} 
is closed analytic. 

(3) Discreteness and conservation of number: there exists a sufficiently small 
neighbourhood U x of x such that 'B.(fy) = for any y G U x \ {x}, and, for 
any positive and small enough S we have 

s(/ x ) = 

for any t £ Bg. 
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Definition 10.11. A numerical invariant satisfying the above properties will be 
called a conservative invariant. 

Observe that the property of conservation of number implies the upper semicon- 
tinuity of H, that is E(F\ tx ) < S(/ x ) for any t close enough to x. 

The following theorem tells that any conservative invariant is a (locally) finite 
sum of invariants constructed by intersection multiplicity: 

Theorem 10.12. Let 5 : J°°(U,I) — » Z>o U {oo} be a numerical T>j e -invariant 
satisfying properties (l)-(3) given above. Then there exist a family of pairs (Vi,rii), 
where Vi is a n-codimensional T>j e -invariant closed analytic subset of J°°(U, I), and 
rii is a positive integer, such that for any f x £ J°°(U,I) satisfying Cj^ e (f x ) < oo 
the family {Vi}i e jq is locally finite at f x and B,(f x ) = X^eN n iix(pf, Vi) (the sum is 
finite by the locally finiteness of the family at f x ). 

Proof. Recall that C n denotes the subset of J°°(U, I) formed by germs of extended 
codimension at least n. Define the sets 



for any k > 0. 

We claim that Zk is k + A-dctcrmined, where A is the Uniform Artin-Rees con- 
stant. Consider f x £ Z \ Ck and g x £ m x +x+1 n I x . We have to show that 
fx + 9x belongs to Z}.. By Lemma 14.41 the subset Ck is k + A-determined, and 
hence f x +g x <£ C k - As Cf xe (f x ) < k, by Lemma El we have rn*: -1 /^ C @f xte (fx)- 
As m x Qj C ©/ we deduce m x +1 I x C m^Oj (fx)- By Uniform Artin-Rees 
m fe+A+i f) j x q m x Qj (fx)- Then the finite /-determinacy theorem (see Theo- 
rem 6.5 of |16p tells that f x is a k + A-determined in /; in other words, given any 
g x £ m x +x+1 nl x then f x + g x is in the orbit Vj (/). Consequently, as Z is clearly 
T>j e -invariant and f x belongs to Z, also f x +g x belongs to Z. This shows the claim. 

Our next claim is that the topological closure Zk of Zk in J°°(U, I) is a k + 2A- 
determined closed analytic subset of J°°(U,I), which have no irreducible compo- 
nents contained in Ck- Moreover, the set Zk is closed in J°°(U,I) \ Ck- Let 
{/i, /jv} be monomials in x\, ...,x n forming a basis of Oc n ,o/ m o + ' C+1 - Consider 
S := (Oc",)/ m o +,!+1 ) r viewed as an affine space. Consider a system of coordinates 
{Sj} for 1 < i < r and 1 < j < N characterised by the property that the point with 

coordinates (a\,...,a r N ) represents the r-tuple (J2 1 jLi a jfj:---:J2^=i a jfj)- Define 
the /-unfolding F : U x S — > C by the formula 



where g%, g r are the fixed generators for / at U . According to the second property 
of 5 the subset A C U x S formed by the pairs (x,s) such that E(Fi SjW ) > is 
closed analytic. The mapping a : U xS-t J k+x (U,C r ) defined by 



Z:={f x £j°°(U > I):S(f x )>0} 



Zk := Z\ Ck, 




N 



(78) 



N N 



a(x, s 
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is an analytic vector bundle isomorphism. We have defined F and a so that the 
compatibility relation n^^opp = j k+X (poa holds. This implies 

a(A) \ (Z+vr^r+A^)) = {j k+ \)-\^ +x {z k )). 

The set B := a{A)U(j k+x ip)- 1 (7r^ +x (C k )) is a closed analytic subset of J k+x {U, C r ) 
which is j fc+A (p-saturatcd for being equal to the union 

whose terms are j fc+A i/?-saturated closed analytic subsets. Let B' be the union of 
the irreducible components of B not contained in (j ^) _1 (7rj5_^(C'fc)). Due to 
Lemma EH we know that B" := (7r^ A ) _1 \B') is j fc+2A (^-saturated, and there- 
fore Z' k := TT k x ^ 2X+2 (j k+2X ip(B")) is a k + 2A-determined closed analytic subset of 
J°°{U,T) with no irreducible components contained in C k . By construction, it is 
clear that Z' k \C k = Z k . By Lemma r3.14l and the fact that no irreducible component 
of Z' k is contained in C k we conclude that the topological closure of Z k = Z' k \ C k 
equals Z' k . Obviously, the set Z k \ Z k — Z' k \ (Z' k \C k ) is contained in C k . Our 
claim is proved. 

For any positive integers k and m we have 

(79) Z k \C m cZ m . 

Indeed, consider f x £ J°°(U,I) such that c/ e (/) < m. Suppose that B,(f x ) = 0. 
Then, closed in J°° (U,I) \ C m , there is an open neighbourhood of f x in 

J°°(U,I) where S vanishes. After this, inclusion (|79() in case k < m follows easily. 
If k > m then 

Z k \ C m C Z k \ C k = Z k , 
but as Z k \ C m is clearly equal to Z m , inclusion (|79|l follows. 
Consider Y := U k> oZ k ; inclusion (|79|l implies 

(80) Y \ C m = Z m = Z m \ C m - 

for any m > 0. Therefore Y is a finite determined closed analytic subset locally 
around each point of J°°(U,I) \ Coo. This is expressed in other words as follows: 
let {Vi}i G N be the set whose elements are the irreducible components of any of the 
Zk's. Then the family {Vij^gN is locally finite in J°°(U,I) \ Coo. Moreover, each 
Vi is T>f -invariant, for being an irreducible component of a certain Z k , which is 
T>j e -invariant for containing the T>j e -invariant dense Zariski open subset Z\C k . 

Pick up a component Vi. Consider f x G Vi with cj e (f x ) < oo, which, by the 
local finiteness of the family {^i}igN at J°°(U, I) \ Coo can be chosen so that there 
is a neighbourhood W of f x in J°°(U,I) satisfying W H Z = V{. If codim(V^) < 
n, an easy argument using Statement (f ) of the proof of Lemma 14.61 shows that 
dim x (pJ 1 (Vi)) > 0. As E(f y ) > at any y € pj 1 (Vi) we are contradicting the third 
property of S. Hence codim(V^) > n. Consider the canonical Whitney stratification 
X of Vi (see Theorem 16 .2|) : the strata are Vj e -invariant. Consider a versal I- 
unfolding F : U x x S — > C of f x at x (where U x is a neighbourhood of x), let sq 
be the point in S such that F\ S( ^ X — f x . By Proposition 17.51 the mapping pp is 
transversal to X . By Theorem 17 . 41 the set of s € S such that pp\ s is transversal to 
X is dense in S. Hence, if s is generic and codim(V^) > n, the set pp\ s (U x ) cannot 
meet Vi- Choosing S and U x small enough we obtain that the image of pp lies in 
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W. Consequently {p F \ s )- l (Z) = (p F \ s )- x (V) = 0. This means that H(J| s , a ) = 
for any y £ U x , which, if s is close enough to so, contradicts the third property of 
3, since > 0. We conclude that codim(V^) = n. 

Suppose that Vi is a component of Z}.. As Z k is k + 2A-saturated, then the com- 
ponent Vi is fc + 3A-saturated. Let B be the union of all the irreducible components 
of Zk different from Vi ; then BUft contains all the components Vj different from 
Vi. The set A, := (B U C k U Sing(Vj)) H Vi is a proper k + 4A-determined closed 
analytic subset of Vi . As Vi is smooth outside A; we can define Di C Vi to be the 
subset of F x such that pf is not transversal to Vi at x. The /c + 3A-determinacy of Vi 
implies easily that D L is k + 4A-determincd: if f x and have the same k + 4A-jet, 
by Uniform Artin-Rees, they differ in an element of m k+3X+1 I x , and we can find 
liftings pf and p g of pj and p g which are equal up to k + 3A-jets. 

The set X := (i fc+4A+ V)~ Vft+4A+i(^ \ A i)) is a smooth irreducible locally 
closed analytic subset of J k + 4X + 1 (JJ^ C r ). Let T — ► A be its tangent bundle. Denote 
by t : A J fc+4A+1 ([/, C r ) the inclusion mapping As T is a sub-bundle of the 
restriction to A of the tangent bundle of J fe+4A+1 (Z7, C r ), the mapping 7Tfc+ 4A+1 
induces a natural homomorphism 

where V is the pullback by 7r^+ 4A+1 ot of the tangent bundle T" of J k+2X (U, C r ). 
Observe that, as prk+2\ ■ J k+2X (U,C r ) — ► C/ defines a vector bundle, for any 
p € J + (U, C r ) the fibre 7^" decomposes naturally as 

T P r k+2X ( P )U® J k+2X (U,C r ) p . 

Any vector of 7^" is decomposed accordingly in two components; the first is called 
the base component, and the second is called the fibre component. Consider the 
trivial vector bundle of rank n over A and choose e\, e n to be global trivialising 
sections. There is an analytic homomorphism 

a : C" x A -> T 

obtained defining a(a, j k+4X+1 fi(y), j k+4X+1 fr(y)) to be the unique vector of 

r (3 k + 4X + 1 fi(y),--j k +^+ 1 fAv)) = r U k + 2X fi(y);---,j k+2X fAv)) 
whose fibre component equals j k+2X (dfi/dxi)(y), ...,j k+2X (df r /dxi)(y)) and whose 
base component is d/dxi. The set 

D' := {p E X : q(T p ) + a(C") + %} 

is easily shown to be closed analytic in A. As D' has been defined so that 
(j fe+4A+1 (^) _1 (7r^j_ 4A+1 (Z3i)) = D' we conclude that Di is a proper closed analytic 
k + 3A-determined in Vi \ Aj. 

We claim that S is constant in Vi \ (Aj U Di). The set A is an irreducible 
analytic subset of J k+4X+1 (U, C), for being Vi irreducible. Then, by well known 
properties of complex analytic sets (see ^21; Ch. IV, § 2), the set X \ D' is path- 
connected. Therefore V, \ (A,; U Di) is path-connected. Consequently we only have 
to show that 3 is locally constant in Vi \ (Aj U Di). Consider f x £ Vi \ (A^ U Di). 
Then f x e J°°(Uj) \ C k . We have seen that any g y E J°°(U,I) \ C k is k + A- 
determined in I y . Therefore, if we consider the /-unfolding G : U x x S — > C defined 
by G(y, s) := f x {y) + F(x, s) (where U x is a neighbourhood of x in U and F is the 
/-unfolding defined by formula (|7H)l L then any germ g y belonging to J°°(U x ,I)\Ck 
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is T>j e -cquivalent to a germ of the form G\ s-y for a certain s G S. Consequently, 
as fx = G\o,xi to prove our claim is enough to show that "B(G\ StV ) is constant in a 
neighbourhood of (x, 0) in U x x S. As f x does not belong to B, taking U x and a 
neighbourhood S' of in S small enough we can assume 

Pg \z) n {u x x s') = Pg \v) n (u x x 5'), 

and pJ 1 (Z) — {x}. On the other hand, as f x does not belong to D il the mapping 
PG| Q = Pf is transversal to Vi at x; therefore, by the open nature of transversality, 
if we choose U x and S' small enough, the mapping pp^ is transversal to Vi for any 
s G S". Consequently, for any s G S' the set p G ^ (Vi) consists of a unique point 
y(s), which is the only point y G U x where ^a\s .y > 0. By the third property of 5 
we conclude S(G| Sjy ( s )) = S(f x ). This shows the claim. 

Let rii the value that S assumes at any point of Vi \ (A^ (J Di). It only remains 
to be shown that 

(81) H(/ s )=^n i i 1 (p/,V i ) 

for any f x of finite extended codimension. Given such f x defined in U x , consider the 
associated mapping pf : U x — > J°°(U,I). The local finitcncss of the family {VijigN 
implies that U x can be taken small enough so that pJ 1 (Z) — {x} and the image of p/ 
meets only finitely many components V^, Vi m . We consider a versal /-unfolding 
F : U x x S — > C of f x . An (analogous to previous ones) transversality reasoning 
using Proposition 17.51 and Theorem 17.41 shows that the subset of s G S such that 
PF h only meets Z in Vi j \ (A^ U D^) (for 1 < j < m), and it does it transversally, 
is dense in S. Using this, the third property of S, and Proposition llU.61 the proof 
of equation l|81l) is straightforward. □ 

11. Examples 

In this section we illustrate our the Morsification Theory spelling it out for 
certain classes of ideals. 

11.1. Classical case: / = Oc",o- This is the case of isolated singularities. Here 
our theory recovers the classical Morsification Theorem. Any conservative invariant 
is a multiple of the Milnor number, for being the set of singular germs M (which 
is the closure of the set of Morse germs) the only n-codimensional closed analytic 
subset of J°°(f7,Oc»). 

11.2. The analytic subspace V(J) is smooth. Let k be the codimension of 
V(T). We can give coordinate functions yi, yk, x±, x p (with fc + p — n) of C ra 
such that / = (yx, ...,j/fc). We set V := V(I). Let / be the ideal sheaf generated 
by yi,...,yk- We study the Vj e -invariant analytic subspaces of J°°(C",7) which 
are of codimension at most n; let Z be such a subspace. Consider the projection 
mapping pr^ : J°°(C",7) -> C™. 

If proa(Z) is not contained in V then Z\£n\y is a non-empty T>j e -invariant subset 

of J°°(C™ \ V, I). As Iicw = Cc"\v then, by the case / = Oc",o, the subspace 
Z\£^\y is either the total space J°°(C n \V, /) or the set of singular germs. Therefore 
Z is either equal to J°° (C" , /) or to the n-codimensional subvariety M which is the 
closure of the set of Morse points. 
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Suppose that pr(Z) C V. Let A be the set of integer multi-indexes a G Z> 
such that | a | > 2. Any function f E I can be written as 

fe 

(82) f(xi, ...,x p ,yi, ...,Vk) = ^2fi(xi, ■-,x p )y l + a a (x 1 , ...,x n )y a , 

with the /j's and o Q 's convergent power series in sci, x p . It is easy to check that if 
/ is non-singular (that is fi(0, 0) ^ for a certain i < k) then / is 2?/-equivalent 
to/ = yi. 

Let Zi be the subset of J°°(C n ,7)|y formed by germs f x having critical 
point. This condition, in terms of the expression (|82|l . means precisely fi(0, 0) — 
for any i < k. Therefore Z\ is a fc-codimensional 1-determined closed analytic 
subset of J°°(C n ,I)\ v . As the codimension of J°°(C n J) lv in J°°(C n , I) is fc, the 
set Zi is 2fc-codimensional in J°°(C™, I). Consequently if p < k then all the T>j - 
invariant proper analytic subsets of J°°(C n , I) which are of codimension at most n 
are M and J 00 ^™, I)\ v . 

Assume p > k. Let / G Z\, express it as in <|82[) . If the differentials 

{4fi(0,...,0):l<»<fe} 
are linearly independent then / is easily seen to be 2?/-equivalent to 

fe 

(83) ^Xiyi. 

i=i 

We say that a function of I is of type D{n— 2k, 0) if it is 2?/-equivalent to JB2J). Func- 
tions of type D(n — 2k, 0) have a 2fc-codimensional critical locus and transversal type 
A\, they are X>-equivalent to a function of type D(n — 2k,0) (see Definition II 1.21) . 

The subset Z 2 C Z\ consisting of germs for which {d/j(0, 0)}i<j<fc are not 
linearly independent is a 2-determined analytic subset of codimension p — k + 1 in 
Z\, and hence of codimension 2fc+p — fc + 1 = n + 1 in J°°(C™, I). Therefore if 
p > k all the £>j e -invariant analytic subsets of J°°(C n , I) which are of codimension 

at most n are M, J°°(C™,/W and Zi, and their codimensions are n, k and 2k. 

Our Morsification theory tells us that any function / with c/. e < oo can be ap- 
proximated (preserving the geometry at the boundary of a Milnor ball) by a function 
whose singularities are finitely many Morse points and a smooth 2fc-codimensional 
set of points of type D{n — 2,0). Moreover any conservative invariant 5 is of the 
form S = n\M if n ^ 2k and 3 = n\M. + r^A if n = 2k, where M. is the Morse 
number, A is the number of D(n — 2, 0) appearing in a generic deformation of /. 

Remark 11.1. Let I be arbitrary and consider f 6 I with c/ ie (/) < 0. The 
above reasoning tells that the only singularities that a generic I -deformation g close 
enough to f can have at a smooth point of V(I) are of type D(n — 2k, 0), where 
k = codim :E (y(J), C"). Moreover if such a singularity appear then there is a 2k- 
codimensional locally closed subset of C" where g has this singularity type. 

11.3. Transversal type Ax. In 0, Q7|, [IB], QH, gUj, |2S], in order to study 
functions which are singular with transversal type A\ and a certain fixed singular 
locus, the following point of view was taken: consider the ideal J defining the 
singular locus (in all these works the singular locus is asked to be either an i.c.i.s. 
or a low dimensional isolated singularity at the origin) with its reduced structure 
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and study the singularities appearing in generic deformations of functions which 
are finite codimensional with respect to the primitive ideal / J. 

Suppose that J is a radical ideal. Consider the variety V = V(J) and the 
stratification C" = WUVoIJVi, where U = C" \ V, V = V \ Sing(V) and 
Vi = Sing(V). Let J be the ideal sheaf of functions vanishing at V. Denote the 
primitive ideal J J by I and let I be the ideal sheaf associated to it. 

We study the T>j e -invariant subspaces of J°°(U, I) of codimension at most n and 
whose image by the projection pr : J°°(U,I) — ■> U is not contained in V\. Let Z\ 
be the closed 1-determined subset formed by germs f x G J°°(U,I) having a critical 
point at x. Clearly Z\ = M U 7r -1 (V), where M is the closure of the set of germs 
f x G J°°(U,I) having an isolated singularity at x; the set of germs f x which have 
an Ai-critical point at x are a dense open subset in M. 

Given any f x G pr~ l (y) we define rk(f x ) to be the rank of its Hessian matrix 
at x. The set K r := {f x G pr~ l (y) : rk(f x ) < r} is a 2-determined Vj e -invariant 
closed subset for any integer r. Let C^y be the closed analytic subset consisting 
of germs of pr _1 (y) of extended codimension at least 1. 

Consider any x G Vo; if d — dim x (V) there is a coordinate system 

(x 1} ...,xd,yi, -,y m ) 

of C" at x such that J x = (yi, y m ). In Pellikaan 16 it is proved that I x = 
Jj x = J x - Therefore, we can express any g G I x as g — j< m ^ijJ/iJ/j) where 
hi j G Oc n ,x arid hij = hj^; moreover the htj are unique modulo the ideal J x , hence 
the matrix (/i^Oij'^m (where h'^j := hij(O) + J2k=i ~~dtt(0) x k) is wen defined. 

Definition 11.2 (Pellikaan, 16 ). Let f G Oc™, x - We say that f is of type D(d, k) 
if there is a coordinate system {x\, ...,Xd,yi, ■■■,y m } o/C" at x such that 



where {Zjj : i,j < fc} is a collection of linearly independent linear forms in x%, Xd- 

Let f x G ix- In |lfc>| it is proved that Cj (f x ) — if and only if / is of type 
D(d, k) for a certain k. Consequently if f x G K r then cj e (/a;) = if and only if / 
is of type D(d, d — r). 

In [3| it was shown that a generic deformation within I x of any f x G I x with 
Cj e < oo only has Ai and D(d,k) points as critical points (for k < r); moreover 
the locus where the deformation have D(d, k) points is a smooth subvariety of 
codimension k(k + l)/2 in V x \ in |S] the singular locus V x of f x is smoothed while 
deforming f x , but in our case it is already smooth (for being x G Vo). 

Let C be an irreducible component of CW such that its image under pr is 
not contained in V\. We claim that its codimension is strictly bigger than n: 
suppose that the codimension of C is smaller or equal than n, consider f x G C'\ 
if the codimension c of C equals n, by the Conservation of Number Formula for 
intersection multiplicities, any generic deformation of f x within I x must contain 
points of positive extended codimension within Vq. This is a contradiction with the 
fact that in a generic deformation only points of type D{d,k) arise in Vq. If the 
codimension of C is strictly smaller than n we consider a subvariety C" of C of 
codimension n containing f x and repeat the argument. 



■in 




i=k+l 
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Define C to be the union of the components of Ci\y with image under pr not 
contained in V\. Let C be the union of the other components. 

Let V be a connected component of Vq of dimension d. Consider x G V and 
fx G A; with rk(fx) = r. Either / x is of type D(d,d — r) or / x belongs to C. 
Hence any irreducible component V of A" r |y not contained in C can be expressed 
as Yo \J(Y (~l C), where Yo is the open subset containing points of type D(d,d — r). 
As the locus of D(d, d — r)-points of a generic function g x within I x has codimension 
(d — r)(d — r + l)/2 in Vo then the codimension of Y in J°°(U, 1) is n — d + (d — 
r)(d-r + X)/2. 

We have the following splittings in locally closed Vj e -invariant subsets of J°° (U, I): 
J°°(U,I) = Z 1 ]J(J°°(U,I)\Z 1 ) 

Z 1 = M\pr- 1 (V)'[[pr- 1 (V) 
pr- 1 (y)=pr- 1 (y 1 )]J(C\pr- 1 (y 1 ))]J( ]J [A,, \ (C U A r _! Upr" 1 ^))]). 

r£Z>o 

Applying the Relative Morsification Theorem to them we obtain 

Proposition 11.3. Let I C Oc",o a radical ideal and V be the subvariety 
defined by it. Let V\,...,V r be the connected components of V \ Sing(V); let di 
be the dimension of Vi. If f G J I is such that cj j e < oo, then given a small 
neighbourhood U of the origin, any generic deformation of f sufficiently close to f 

• has only A\ singularities in U \ V . 

• only has singularities of type D(di, k) at Vi, for k < di. Moreover the locus 
of points of type D{di, k) is a smooth subvariety of codimension k(k + l)/2 
in Vi. 

Suppose that in addition I has an isolated singularity at the origin. Then the topo- 
logical type at the origin of any generic deformation of f is the generic topological 
type of a function in J I (such a generic topological type exists by the results of^\). 
Moreover any conservative invariant is the sum an integer multiple of the Morse 
number, and integer multiples of the number of D(di,k) points in a generic defor- 
mation, for i < r and k such that k(k + l)/2 = d L . 

11.4. Line singularities with simple transversal type. In [S] line singularities 
with transversal types A\, A2, A3, D4, Eq, £7 and Ag where studied from a topo- 
logical point of view using a Morsification result. For any transversal type as above 
it is constructed an ideal I(S) such that any singularity with transversal type S has 
a right representative in I(S), and if two functions f,g € I{S) are i?-equivalent, 
then they are D^sj-equivalent. For any S the orbits of T^i(S) °f codimension 1 in 
J°°(V(I), I(S)) are determined, and the singularity types determined by them are 
called FiS, for 1 < i < 3. It is proved that any function / G I{S) can be deformed 
within I(S) to any function having only v4i-points outside the singular line L, a 
finite number hi(f) of points of type FiS in L, for 1 < i < 3, and the generic 
singularity in I(S) along the rest of the points of L. 

Our theory recovers the morsification result, interprets hi(f) as intersection mul- 
tiplicities, and shows that any conservative invariant S is of the form 

3 

S(/)=5>A(/)+n4>*(/)- 

i=l 
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11.5. Other examples. 

Example 11.4. Take / = m k ; then 0/. e = mO. Give weight 1 to the variables 
aij's and —1 to the derivations d/dxi's. Then the 0-weight graded piece of 9/. e is 
generated by Xid/dxj, with 1 < i, j • < n. Therefore for any function /, the module 
1 / T i,e(f) + ml has complex dimension at least Nk — 2n, where Nk is the dimension 
of the space of homogeneous polynomials in n variables of degree k. This provides 
examples of ideals / for which the support of crj [/] contains arbitrarily high integers 
for any f E I. 

Example 11.5. Choose a function g G C{xi, x n _i} with an isolated singularity 
at the origin. View g as an element of 0c»,o; its zero-set is singular along the line 
L defined by x\ = ... = x n -\ = 0. Define / = (g 2 ). Any X S Qi, e admits a unique 
decomposition as X — X\ + X 2 , where 

n— 1 

Xi = a n d/dx n X 2 — ^d/dxi, 

i=l 

for 01, a n S Oc,o- There is a unique expression X2 — Ylk^o x n-^2.k, where each 
X 2 ,k belongs to C{xi, x n -i}(d/dXi, dJdx n -\)- Then, each X 2 ,k belongs to 
Qi'.e where I' is the ideal generated by g in C{xi, x„_i}. Define Y 2 := X 2 ,o and 
Y3 = X^fe^Li x n~ 1 x -^2 k- We have the decomposition 

(84) X = X 1 +Y 2 +x n Y 3 . 

Consider f E I of the form / = pg 2 , where p is a polynomial in x n of degree 
k > 1. Decomposition (|84|l implies 

(85) (^-/)+T7,, e (j 2 )^ Cr /!e (/) 

As g 2 J(g) C Tj\ e (g 2 ) (where J(g) is the Jacobian ideal of g) and (x h ^ 1 g 2 ) C 
(p'(x n )g 2 ) we have 

(86) c Ite (f) < (k ~ IMS). 

where fj,(g) is the Milnor number of g. 

If dp/dx n vanishes at decomposition (|84(l implies 

(87) rtAf) c ( x ng 2 ) + T r .Ag 2 )Oc»,o- 
In this case we have 

(88) aAf) > dim c (-^4^r) - dimc(-^r). 

Tr At) Ti',e{g) 

We choose n = 3, g(x\,x 2 ) := (x 2 + x\) 2 + x\ and 25(0:3) := 1 + x\ with k > 2. 
We weight the variables by wt{x\) — 2, wt(x 2 ) — 3, wt{xy,) — 0. A computation 
shows that for any X e Oj', e we have X e (x2d/da;i) + (xi, x 2 ) 2 (d/dxi, d/dx 2 ) and 
wt{X{g)) > 15. As X(g) = /it/ for a certain h S C{xi,x 2 } we have that iot(/i) > 3. 
Summarising 

(89) 9/', e c (x 2 d/dxx) + (x 1 ,x 2 ) 2 (d/dx 1 ,d/dx 2 ) Ti>Ad) C {x\g,x 2 g). 
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Consider hi,...,h m in C{xi,X2} forming a basis of the complex vector space 
C{xi,x 2 }/J(g). By dHSJ, the /-unfolding 

r fc-1 

F = f(xi,xa,x 3 ) + ^y^Ji^hj (xi,X2)x J 3 g 2 (xi,x 2 ) 

i=l j=0 

depending on parameters tjj is versal. We can choose h\ — 1 and fcj £ (2:1, X2) if 
i > 1. Then for any value t in the parameter space Fu is of the form 

F\ t = [1 + Maft) + Q^i,^,^)]^, 

with g(a?i, x 2 , X3) E (#1,3:2) and where ht{x n ) is a polynomial in X3 of degree 
fc. Choose t generic; we study the points x in which F\ tjX has positive extended 
codimension. Let L be the line defined by Xi = = 0. The set V(g) is smooth 
outside L, by Proposition II 1.31 the only points in which Fu x cam have extended 
codimension outside L are ^-points. Using that d/dx^ E 9/, e we deduce that 
when p'(x n ) is not zero then (0, 0, x n ) is a point of extended codimension 0. We 
can assume that the derivative p'(x n ) has k — 1 simple roots. Let a be a root; 
consider x — (0,0, a). A computation taking into account inclusions l|89|l yield 

T I x ,e( F \t,x) c {xlg 2 ,x 2 g 2 ,(x3 + fix^g 2 ), 

where fj, is the coefficient of X1X3 in q. Therefore rj e (F\ t x ) > 2. 

This example shows how a point of positive extended codimension splits in a 
generic deformation in several points of positive extended codimension, such that 
several (k-1) of them have extended codimension at least 2. 
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